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RBSTRACT

CONTROL SYSTEM DESIGN FOR AN UNMANNED, UNTETHERED
UNDERWATER VEHICLE

by
JAMES HENRY GILLARD

Submitted to the Department of Ocean Engineering
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requirements for the Degree of Ocean Engineer
and the Degree of Master of Science in Naval

Architecture and Marine Engineering.

ABSTRACT

A procedure for the control system design for a small
unmanned, untethered, underwater vehicle was specified. The
early phases of this design procedure were performed for the
vehicle. The linear equations of motion for small
perturbations about an equilibrium condition were developed,
and the values of the hydrodynamic coefficients wuwere
determined. After the transfer functions were developed to
relate the vehicle motion in each of the six degrees of
freedom to small deflections of the rudder or stern planes,
computer programs were written to determine the poles and

zeros of the transfer functions. The vehicle’s response in
the time domain to one degree deflections of the rudder and
stern planes was determined and plotted. The vehicle's

response indicated that the vehicle was stable and that the
size of the control surfaces could be reduced to minimize
drag while maintaining vehicle stability. The nonlinear
equations representing the vehicle's motion in six degrees
of freedom were incorporated into a computexr model of the
vehicle. The outputs of this model ( lineaxr and angular
velocities in six degrees of freedom ) arxre the state
variables which will be needed during later phases of the

control system design. modexrn control theory.
Thesis supervisor: Dr. Damon E. Cummings
Title: Visiting Lecturer

Department of Ocean Engineering
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Chapter I
INTRODUCTION
The potential uses for a small unmanned, untethezred
submersible vehicle ( SUUV) are numerous. One of the Key

systems in the design of such a vehicle is the control
system, which must be able to control the vehicle:

1. during transit to and from the vehicle's operating

location and depth:;

2. while the SUUV performs its mission on location; and

3. during some emergencies for uwhich pre-programmed

corrective action has been specified.

In order to perform these functicns, the SUUV's control
system must be able to accept pre-programmed information
concerning course, distance and operating depths as well as
real time inputs from various onboard sensors. The output
from the control system is used to contrxrol the rudder and
horizontal control surfaces and ballast control system to
cause the SUUV to carry out its programmed assignments.

The length of the mission which the SUUV will be able to
perform will be dependent on the amount of enexgy which can
be installed and the rate at which the available energy is
consumed. Therefore, the control system should be optimized

such that the SUUV expends the smallest amount of cnergy
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while it performs its mission. Designing the control system
to minimize the overall vehicle consumption of energy
requires that different solutions to the control system
design problem be evaluated in terms of energy consumption.
For example, the size of the vertical and horizontal control
surfaces could be made large enough to provide straight line
stability of the vehicle with no control surface deflection.
Rlternatively, the size of the control surfaces could be
made smallexr to reduce the drag and thereby reduce the
energy required for propulsion. Houwevexr, smaller control
surfaces would require an active control system (an energy
drain) to provide vehicle straight line stability.

The design of the contrel system should follow a logical
sequence. Although the demarcations between different
phases of the design process are not distinct, the following

phases are identified for this project.

Phase I Identify the vehicle size, shape and mission
requirements.
Phase II Identify a mathematical model to represent

the motion of the vehicle in six degrees
of freedom. Linearize the mathematical

model.

Phase III Calculate the wvalues of the hydrodynamic

coefficients in the linearized egquations.
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Phase IV Form the transfer functions for each of the
linearized equations. Check for vehicle

stability by calculating the values of the

poles and 2exos for each transfer
function. Determine the vehicle time
response to a small control surface
deflection.

Phase V Using modern control theozry., model the

vehicle in state space wusing the six
nonlincfaxr equations which describe its
motion. Include in the model the effects

of random environmental disturbances.

Phase VI Model the outputs of the vehicle sensozxs
which will be wused to determine the
contrxol signal. Include the effects of

random noise in the measurements.

Phase VII Construct an obsexrver (Kalman filter) to
estimate values of the states which cannot
be measured directly by the vehicle's

Sensors.

Phase VIII Combine Phases V, VI, and VII into a
complete model of the vehicle's motion.
Use this model to design a linear control
system which will c¢ontro)l the vehicle in

the predicted manner.
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In this thesis, Phases I through V are pexrformed in detail,

and a brief discussion of Phases VI, VII and VIII is
provided.

Phases I and II are discussed in Chapter Two. Figure 1.1
shows the principal dimensions of the Suuv. Although the

shape and dimensions were selected arbitrarily, it was felt
that these parameters would be close to those which might be
selected for an actual vehicle design. The control system
design procedure used in this thesis should be appropriate
for any vehicle with missions similarxr +to those of the SUUV.
Figuzxe 1.2 1is a block diagram representation of <the
anticipated inputs and outputs Zfor the SUUV's control
system. The 1linearized equations which are developed in
Chapter Two are adequate to predict the vehicle's response
to small perturbations about the assumed equilibrium’
condition of straight ahead motion with the control surfaces
undeflected.

Phase III, <calculation of the hydrodynamic coefficients,
is performed in Chapter Three.

In Chaptexr Four, the linearized, small perturbation
equations of motion for the vehicle which were developed in

Chapter Two are solved individually to find the transfer

functions (Phase 1IV). These +transfer functions relate u
(forward velocity), Ww (vexrtical velocity), and 6 (pitch
angle) to small deflections of the stern planes; and v

(sideslip velocity), ¢ (xroll angle), and ¥ (yau angle) to
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ll. 67'

FIGURE 1,1 VEHICLE SHAPE AND DIMENSIONS
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small deflections of the rudder. The poles and =zexos of
these transfer functions uwere calculated. Appendix C
contains the computer programs used to calculate the poles
and zeros of the transfer functions. The inverse LaPlace
transforms of the transfer <functions were evaluated at a
series of times to determine the response of the vehicle to
a small step <change in rudder or stern plane position.
These time zresponse curves uwere evaluated to determine if
the settling time and stability of each zresponse mode were
satisfactory. The computer programs wused to calculate the
time responses are listed in Appendix D.

Having determined from the <classical control theorxry that
the initial estimate of the geometry of the vehicle was
satisfactory from the aspect of stability and time response,
in Chapter Five modern control theory was used to proceed
with the beginning of an in-depth design of the control
system (Phase V). Figure 1.3 shows a block diagram of the
major elements of a modern control system. This thesis
includes a development of the model used to represent the
motion of the vehicle. This model is a set of nonlinear
equations that describe the complete motion of +the vehicle
in six degrees of freedom - surge, sway, heave, roll,
pitch, and yaw - and also includes terms to model the
effects of random environmental disturbances on the vehicle.
A computer program is described which will evaluate the

states (velocities and angular velocities) at a given time.
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This program is listed in Appendix E. Follow-on _uozk to
this thesis should include developing computer programs to
calculate the information discussed in phases VI and VII,
and then wusing the program in Appendix E along with these
new programs to model the complete system - input, plant,
sensors, observer, disturbances, and output. This would
allow simulation of the vehicle motion in real time and the
vehicle response under various conditions coulq be
evaluated. Based on these responses, the optimal feedback
gains and observer gains c¢an be adjusted if necessary to
provide the required vehicle response.

Chapter Six consists of a short summary and the

conclusions reached by the author.




16

Chapter II

EQUATIONS OF MOTION

2.1 IDENTIFICATION OF THE VEHICLE AND ITS MISSION

The small unmanned, untethered, underwater vehicle fox
which this control system design procedure was developed is
depicted in Figure 1.1. The principal dimensions and

characteristics of this vehicle are:

Length overall 11.67 feet
Maximum diameter 21 inches
weight 1162 pounds
Buoyancy 1162 pounds
Control surfaces Rudder

Stern Planes
Symmetry Port-Starboard

Deck-Keel

The mission of the SUUV is:

1. Transit to operating location and depth;

2. Operate for a predetermined period performing the
intended mission such as monitoring the environment
or conducting inspzctions of underwater equipment:
and

3. Return to the predetermined location for recovery.
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2.2 DEVELOPMENT OF THE EQUATIONS OF MOTION

The SUUV was treated as a rigid body with deck-keel and
port-starboard symmetry whose motion can be described using
six degrees of freedom - surge, sway, heave, pitch, 1roll,
and vyauw. The control effectoxrs on the SUUV include a
rudder, horizontal control surfaces called stern planes, and
a propeller at the stern. Mathematical equations which can
be used to model the movement of the SUUV in all six degrees
of freedom were then developed following the procedure used
by Humphreys?. Appendix A contains a list of the notations
used in these equations and throughout this thesis. These
notations follow the standard nomenclature introduced in the
Society of Naval Architects and Marine Engineers TMB 1-5.2

The equations which describe the forces, F, and moments,

M, acting on the SUUV are:

1)

d ——
F= (Momentum)
7;7: = -g—t- (Angular momentum) (2)

' Humplreys,D.E.; Development of the Equations of Motion and

Transfer Functions for Underwater Vehicles pp. 1-15 Naval
Coastal Systems Laboratoxy; Panama City, Florida, July

1976.

2 The Society of Naval Arxchitects and Marine Engineexs, TMB
No. 1-5; Nomenclatur for Treating the Motions of a
Submerged Body Throuagh a Fluid ; April, 1952.
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A set of right-hand, orthogonal coordinate axes centered at
the center of mass, CG, of the SUUV was used to develop the
equations of motion. Positive directions <for the axes,
linear velocity components, angular velocity c¢omponents,
angles, forces and moments are shown in Figure 2.1.
The inertial forces and moments acting on the vehicle can

be written as:

. (3
ZX = m(U + 2W - RV)
. 4)
Y = m(V + RU -~ PW)
. (53}
22 = m(W +PV - 9oU)
. . (6)
2K = PI - RI + QR(I - I ) - PQI
x X2 z y RZ
L 7)
SM = 9T + PR(I =~ I ) - R2I + P21
y x z Xz xZ
. . (8)
SN = RI - PI + P(I - I ) +QRI
z KZ y X 13-4

The total motion of the vehicle can be assumed to consist
of two parts: (1) an average motion representative of the
equilibrium condition; and (2) a dynamic motion that
consists of small perturbations about the average motion.
Thus., the instantaneous velocity components at any time can

be written:
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U = Ug + u (9)
V=Vy +v 10)
W =MW +u (11
P = Py + p 12)
2 = Qo + q (13)
R = Ro + ¥ ‘ (14)

The zZero subséripts represent the average or equilibrium
velocity components and the small letters represent the
dynamic velocity components. By defining the equilibrium
condition as straight ahead motion with contzol surfaces
undeflected, all average velocity components except Uy arxe

zexo and the total velocity equations can be rewritten:

U= Ug + u (15)
Vs=suv (16)
W=u 17)
P =0p (18)
2 =gq (19)
R == (20)
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Substituting these equations into the

moment equations yields:

=X = m(u + qu -rxv)

+

=Y = mfv rUg + xXu - pu)

=Z = m(u + pv -qUgy =-qu)

L ®
SK = pI - xI + qr(I -
X RZ -]
L]
SM = qI + px(I -I) -«
¥y X -]
[ ] [ ]
SN = rrI - pIl + pq(I -
2 RZ b4

The follouwing assumptions will allow furx

of these equations.

1.

Assume the disturbances from
condition are small enough that
squares of the changes in velocity
to the changes themselves.

Assume the disturbance angles are
the sines of these angles may be

and the cosines set equal to one.

inertial force and

(21)

(22)
(23)
(24)
I ) - pql
y X2
(25)
2T + sz
Xz RZ
(26)
I) + qrl
b 4 Xz

ther simplification

the equilibrium
the products and

are small compared

small enough that

set equal to zero
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3. Products of the disturbancz angles are approximately
zZexo.
The following equations result from these assumptions™

o (27)

=X mu

n

. (28)
ZY = m(v + xrUy)

. (29)
2Z = m(w - qUg

. ° (30)
K = pI - xI
X Xz
. (31)
ZM = qI
y
® . (32)
SN = rI - pIl
- R2

Additionally, wusing <the small perturbation assumption and
equations (15-20), the zrelationship between the angular
velocities and the rate of change of the angles can be

written:

. (333
P =29

. (34)
q:

. (35)
z=




a3

In addition to the inertial forces and moments, the vehicle
also experiences hydrodynamic forces and moments due to the
forces exerted by the surrounding f£luid. These forces and
moments are functions of the relative velocity, accele.ation
and position as well as c¢control surface deflections. Théy

can be expressed in functional form as:
s o o o o o (36)

F = £f(u,v,w,u,v,u,p,q,x,p,q9,2,06,8,V,358) .
These forces and moments can be expressed in terms of the
Taylor series expansion about the equilibrium condition.
Two assumptions allow considerable simplification of these
expansions.

1. Assume second order and higher terms may be neglected
because only small perturbations from the equilibrium

postion are alloued.

2. Assume that since the XZ plane 1is a plane of
symmetry, X , =2 , and M are functions only of
u,w,q,their derivatives, and ¢; and ¥ , N , and K

are functions only of v, p, z, their derivatives and
.
Therefore, the hydrodynamic forces and moments expanded in a

Taylor series and simplified by the above assumptions can bhe

written:
- oy .p + + +Yor + 1,6 37
Yh Yo + va + va + Ypp + Ypp Y¢0 Yrr rr s ( )
- . oD + 4+ Ker + + K8 38
Kh Ko + va + va + Kpp + Kpp K¢¢ Krr Krr 5 (38)
- oy .p +N¢+N-r+Nr+N.S 39
Nh No + va + va + Npp + Npp ¢¢ £ T s (39)
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Xh - Xo + X&u + xuu + X&w + wa + X&q + xqq + xee + XGG (40)
7 - .. .. .Q B
Ly =2, tZutZut vt Zwt qu + qu + 200 + 2,8 (41)

¥ = Mo + M‘-lu + Muu + Mow + Mow + M&q + qu + Mg + H66 (42)

Terms similar to X <u>3u expresses the change in the
force or moment because of the disturbance velocity. X<u>
is called a stahility dexrivative or hydrodynamic coefficient
and is defined as the change in the X forxce with respect to

the u velocity and evaluated at the equilibrium condition.

(aX)

u (dulg

The gravity and buoyancy forces and moments can be
expanded in a similar fashion and the complete linearized,
small perturbhation equations of motion for the SUUV are:

mu = XGu + xuu + va + wa + x&q + qu + xee + XGSGS (43)

n(w - er) - Zau + zuu + ZGV + wa + z&q + qu + zee + chss (44)

Iye - Mau + Muu + M%w + Mww + M&q + qu + Mee + MGSGS (45)

and

3 The notation < > indicates a subscript.
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v ¥) = Yeu +Y o +Yr+Yr+Y, 6
m(v + Uov) Yeov+Yv +.Ypp + Ypp ¢ +T - s.%r (46)

¢

R

-1 ¥ =Kev o +Ké+Kr+Kr+K, 8
16 - L ¥=Kv+ Ryv + Kpp + Kpp ¢¢ T - 6R R (47)

v - S = Nev + Nep + +No+Nr+Nr+N_3$
IzY Ixz¢ va + va Npp Npp ¢¢ : r sg R (48)

These two groups of three equations (43-45) and (46-48)
are functions of different variables. Hence, the motion of
the vehicle can be examined in the vertical (X2Z) or
horizontal (XY) plane independently of motion in the other
plane. (The motion of the vehicle in the two planes is said
to be uncoupled.) The firxrst set of equations is usually
called the vertical oxr longitudinal set of equations and the
second set is often called the horizontal or lateral set of

equations.
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Chaptexr III

CALCULATION OF THE HYDRODYNAMIC COEFFICIENTS

3.1 CONTRIBUTIONS FROM THE BODY

The values for the hydrodynamic coefficients uwere calculated
by first approximating the body shape as an ellipsoid and
calculating values for this shape, and then calculating and
adding the contributions from the fins and the nozzle. The

ellipsoid representing the body is depicted in Figure 3.1.

Volume of Ellinsoid

V = 43 7 a bh?

vV = 18.04 £t.3

e o — oy
b e o o

Buoyancy Force of Ellipsoid

B = 1162 1lbf.

R
b - — e

Surface Area of Ellivpsoid

ab
S = 27b%Z + 27 __sin-Te
€
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Vﬂ

. P
Y;\\\\‘--;___‘

a = 5.625"

b = 0.875!

€ = eccentricity
€ = c/a

¢ = (a% - be)%

€ = 0,988

FIGURE 3.1 ELLIPSOID USED TO REPRESENT VEHICLE
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€ = ¢/a where ¢ = eccentricity"

€ = .988

s 49.3 £t.2

r————
H
L e e =

Landueber and Johnson® determined empirical formulas to
determine the values of many of the hydrodynamic
coefficients. These formulas contain the terms K',K1,and K2
which are determined foxr +this vehicle by using the table
rrovided by Lambé. Entering this table with the value a’/b =

5.714, the values of K', K1, and K2 are:

K* = 0.782
K1 = 0.041
K2 = 0.925
Moments of Inextia
I =3I for a prolate spherxoid

* Thomas,G.B.Jr.; Calculus and Analvtic Geometzxy ; p. U478;
Addison-Wesley Publisking Co.; Reading, Ma.; 1960.

S Landueber, L. and Johnson,J.L.; Prediction o¢of Dynamic
Stahility Derxjvatives of an Elongated Body of Revolution
NSRDC Report C-359; May, 1951.

¢ Lamb, Sir Horace; Hvdrodvnamjics, 6th Ed.; pp. 155; Dover
Publications,New York, 1t9u5.
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I = m(aZ + b2)s 5
y
I |
| I = 234 slugs-£ft.2 |
| y !
| ]
L J
| |
| I = 234 slugs-£ft.? I
| -] I
| |

I ' =TI /7(172p1%)
Yy b4

[ —— e —— =y

y z
I = m(2b2) 7 5
X
| |
| I = 11.1 slugs-£t.? ]
I X ]
| ]

I ' =TI /7(172p15%)
X X

e .
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] . |
| I ' = .0000614 |
| X i
] ]

ass

m = 1162732.2
} ]
| m = 36.1 slugs |
{ |
| l
| m' = m/7(1/72p13) ]
| |
{ m' = .02535 }
| |

» ¥ and 2

G G

X = ¥ = 0

G G

Z = =-1/2inch = -.042ft.

G

z ' = -,0037

o — - ——

b e
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Coefficient of Dragq
Newman’?’ has determined that for three dimensional bodies
where the maximum thickness is less than one-fifth of the
length, the frictional drag is dominant and the drag
coefficient can be predicted from the flat-plate drag
coefficient C<f>. Assuming a speed of five Kknots, the Reynolds

numbexr is:

Re = Ulsv
Re = (5)(1.689)(10)(.0929)/(1.35 » 10-6)
Re = 5.81 » 10¢ (for seawatexr at 10°C)

From Figure 2.3 in Newman?®

cC = 3.5 x 10-3
£

and since C = C
D £

C = 0.0035

X

X = -172pu?lC
D

7 Newman,J.N.; Marine Hydrodynamics ; pp 20; MIT Press,
Cambridge,Ma.; 1977.

¢ ibid
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= Surface Arxea

A = 49.3 12 s126.6 = .39 12

X! 2 X 7/ pul?
u u
| ]
| X ' = -0.00273 |
| u |
] ]
L= ~Kgm!
u
| i
| ' -0.00104 {
| u |
| |
X and 2
v w
Y ' =2
] v
Z ' = -0.234(m*')%:-7% - p°
2]

wheze D' = C S/12 D' = .00137
D
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o o o m— e oy

L0142

.0142

b o — — e

for an ellipsoid

r—— —— - oy

.02345

T

- — - - oy




3k

B and N

- Kym'

0.87(K;

M

P — e ——— oy

.0195

M

e . — e — o

o — e —— -

~.0195

e — — — —

Z and X

-(0.10 - Kq)m'

\j

Z

o e oy

~.0015

b o — ——— —

o ——

.0015

e o o— s — o
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M and N

-0.045 m'

.00114

]

o —————

.00114

-K'I

o e — o ——

.00102

r—————

.00102
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M ' =m'g Z'

& G
| |
| M ' = -.00302 |
| 8 i
| |
| |
| K ' = -.00302 |
| ¢ l
| ]
The circulax symmetry of an ellipsoid
causes the following coefficients to be zerxo:
| |
| K." = 0 zZ.' =0 M.'" = 0 Y. =0 |
| p q W r |
] |
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3.2 CONTRIBUTIONS FROM THE FINS

The size and shape of the fins selected was the same for the
rudder and the stern planes. Figure 3.2 shouws the
dimensions and shape of one of these fins. The total area
of both the port and starbhoard stern planes was calculated

to be 0.4 square feet.

e e e e

!
! A = 0.4 £t.2
I

The average span of +the 1rudder and stern planes was

calculated as follous:

(C.578 + .375) s (2))2

n
[}

[72]
"

.972 £t.

The average chord was calculated to be:

C = .365 ft.
Aspect Ratio
AR = S/C
AR = 2.66
Z ' = -.5pUpgA C /7 (.5pUpl2)
w f La
o} = 277(1+2/7AR)

La
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.58

'e_‘.3125'_‘+—'.167’-),

arEa = = Lous £t.2

AREA [ ] = .122 ft.2

Total Area (1 fin) = .2 ft.°

Total Area (2 fins) = .4 ft.°
FIGURE 3.2 FIN SIZE AND SHAPE

-

.188!

1
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c = 3.59

La
For «calculating the contributions of the fins to the
hydrodynamic coefficients N<v>, M<u>, N<x>, N<Kv>, y<r>,
y<v>, 2Z<w>; Z<g>, and M<g>, the projected area of the nozzle

also was included in the calculation of effective fin area

and span. Figure 3.3 shows the effective fin used in these
calculations.

Z ' =-AC /s 12

w f La
| |
| Z ' = - .0u40184 |
] w |
| |

Z.' = -87 522 /((quz T C2H13)

-.000275

o———— —
N
-
u

Lk — - ——

z.' -.00014

,..._.._._.._..,
]
b o —— —




1,75¢

N

=i

=

P
o

Area = ,81 ft.
Span (5) = 1.75'
Chord (C) = .48
Aspect Ratio (AR) AR =

2

olkﬂ

FIGURE 3.3 EFFECTIVE FIN AREA

AR = 3.65
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.01461

(1 2/1)¢(z ")

K

-.0000445
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.001311
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.00014
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[ e e e oy

-.00775
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|

| z = -.0074
| 68

|

b e e e —

[ o——— — T
~
n
(=4
.
(=
b —— e — —

SR
M = -1 ¢ A 7 (13
48 R La £
| |
! M = - ,0037 ]
| 58 ]
1 |
N = M
oR éS
J |
] N = - .0037 |
] 6R |
] |
s o

Table 3-1 lists the values of all of the hydrodynamic

coefficients for ease of reference.




TABLE 3-1 NONDIMENSIONAL VALUES

OF HYDRODYNAMIC DERIVATIVES

Hydrodynamic
Derivative
BODY FINS TOTAL
*u -0.00273 ~0.00273
X.
~0.00104 -0.00104
Yy -0.01420 -0.025980 -0.04018
p -0.02345 -0.000275 -0.02373
Y. 0.00150 0.01310 0.0146
Y 0.0 ~0.000140 ~0.00014
Ly -0.01420 -0.02598 -0.04018
Z, -0.02345 -0.000275 -0.02373
Zq -0.0015C -0.01310 -0.01460
L 0.0 -0.000140 -0.00014
K
¢ ~0.00302 -0.00302
K, 0.0 ~0.0000445 -0.0000445
s 0.0 -0.0000017 -0.0000017
M, 0.01950 -0.01311 0.006395
M. 0.0 -0.000140 -0.00014




L7

Table 3-1 (Con't)

Hydrgdyngmic
Derivative

BODY FINS TOTAL
Mg ~0.00302 -0.00302
My -0.00114 -0.006610 ~0.00775
M3 -0.00102 ~0.0000017 -0.00102
Ny -0.01950 0.001311 -0.01819
NG 0.0 0.000140 0.000140
Ne ~0.00114 -0.006610 ~0.00775
N; ~0.00102 ~0.0000017 -0.00102
YsR 0.007400 0.00740
Zss ~0.007400 ~0.00740
Ksr 0.0 0.0
Mss -0.003700 -0.00370
Nsr ~0.003700 ~0.00370
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Chaptex IV

DEVELOPMENT OF THE TRANSFER FUNCTIONS

4.1 GENERAL
The linearized, small perturbation equations of mption uere
developed in Chapter Tuo. After substituting equations 33,
34, and 35 into the equations of motion, the longitudinal

and lateral equations of motion can be written:

LONGITUDINAL EQUATIONS

- mu ~ X-u - xuu - Xw-Xw- xie - qu - X8 = Xésss (49)
wo- w8 - Zgu - Zou - 2w - Zw - 238 - 2,8 - 2.0 = zasc8 (50)
Iy9 - Mau - Huu - Maw - Mww - M&G - qu - Mee = MGSGS (51)

LATERAL EQUATIONS

mv + mUow - Y;v - va - Yﬁ¢ - YP¢ - Y¢¢ - Y;Y - er - YGR é (52)

T = L% - K - Rv-Ked -K¢-Ko-KY¥-Kp-= KSR 8 (53)

Iz? - Ixz¢ - N;v - va - N£¢ - Np¢ - N¢¢ - N;Y - Nrt - ng GR (54)

The terms X<d8s>8s, 2Z<ds>6s, M<ss>s, Y<SR>dAR, K<SROSR,
and N<SR>6R are the control forces and moments generated

when the control system causes small deflections of the
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stexrn planes or rudder. The transfer functions for the
response of the vehicle to small deflections of the zrudder

or stern planes are developed in the following pageé.

4.2 LONGITUDINAL TRANSFER FUNCTIONS

Taking the LaPlace transform of the 1longitudinal equations

yields:

- * - - [ 2 - ) - L] 2
[(m Xu)s Xu]u + [ st Xw]w + [ qu - qu - Xe]G = deas (55)

[- Zas - Zu]u + [(m - Za)s - Zwlw + [- Zas2 - (Zq + mUo)s - Ze]6 = 26368 . (56) -

L] - - [ - 2 . N
[- Mus Mu]u + [ Mws Mw]w + [(Iy - Ma)s - qu - Me]e = Mésss (57)

These equations were nondimensionalized by dividing the
force equations'by 1.2 pl2U,2, the moment equations by 1/2
pl3Ue2, and S by Ups1l, Then the nondimensionalized
equations can he written:

NONDIMENSIONAL LONGITUDINAL EQUATIONS OF MOTION

', 12 ' ' '
((m' - x'u)s' - X&]u' - [X';s' + x;]w’ - [x s + qu' + xe}e = x6565 (58)

[_z'&s' - zl'l]u' + [(ml - Z'&)s! - z;]wl

- [2-63.2 + (z& +a')s' + 2510 = zésss (59)

[- M'&s' - M;JU' - [M'es' + M Ju' + [(I; - M'i)s'2 - M&s' - Mé]e = Mg 8, (60)
s
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The transfer functions can be determined <£for a given
‘input by .solving the transformed simultaneous equations of
motion for the variable of interest with all other inputs
set equal to zero. For exampie, the pitch attitude to stezn
plane deflection angle transfer function, using

determinants, can be written:

t _xt. [ " e ] - X'eg'! - X ]
(m X u)s x“ X oS Xw xs
s
- P%agt o 72 t 21 . Yel! o 2? v
Z o8 Zu (m zZ w)s Zw 26s
- M'ea! < M! - M's' = V' '
8(s) M 5 Mu Mws Kw Hss
68(8) -(mv ~X's)s' - X' -X'-s' - X' - X"S'Z - X's' - X')
u u W W q q 6
2
teg! o 7! | B 3 VL2 _p.a'c ' J J 7!
Z o8 Zu (m z w)s Zw qu (Zq + m')s' + Ze
2
- M'eg! = M! - M'eal! - M! Y M. 1L _ Mot o wy!
M o8 Mu M w3 Mw (Iy M q)s qu Me
These determinants were expanded, resulting in a numerator
polynomial in s' over a denominator polynomial in s'. The

denominator polynomial for the three 1longitudinal transfer
functions is a common polynomial. Setting this denominator
equal to zero gives the characteristic equation whose roots
are equal to the poles of the systenm. The damping and the
natural frequency and the time constant of the system can be

determined from this characteristic equation. The
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longitudinal <transfer functions can be summarized as

follous:

LONGITUDINAL TRANSFER FUNCTIONS

0
N 2
8 As'"“+B.s'+¢C
0/ = s _ . - 0 ) 2 (61)
s ALong As'’ + Bs'3 + Cs'2 + Ds' + E
W
N '3 12 '
o/ = Gs . Avs + Bws + Cws + Dw (62)
s ALong As'4 + Bs'3 + Cs'2 + Ds' + E
U
Ns As3+Bs?+cs' +D
u'/s = —85 .U u u u (63)
s ALong As'a + 33'3 + Cs'2 +Ds' + E

The coefficients A,B,C,D, and E and the coefficients in the
numerators are evaluated using the equations in Appendix B.
The values of the hydrodynamic derivatives used to evaluate
these coefficients are as calculated in Chapter Three. In
order to evaluate the transfer functions, a computer program
was written which £first determined <the values of the
coefficients using the equations in Appendix B, and then
used these values to determine the xoots of the numerator
and denominator.

Using the program VERTLIN.FORT (listed in Appendix C) the
roots of the polynomials in the longitudinal <transfer
functions were calculated . See Table 4 - 1. The suxge (u)

polynomial coefficients and roots are =zero because all of
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OUTPUT VALUES ARE IN DIMENSIONAL FORM
COEFFS. OF CHARACTERISTIC EQUATION

A B : Cc D
0.974719E-05 0.306286E-04 0.206294E-04 0.568815E-05
ROOTS OF CHARLCTERISTIC EQUATION

. I
-0.361070 0.237651
-0.361070 -0.237;51
-0.077655 0.0

PITCH POLYNOMIAL COEFFICIENTS

ATHETA BTHETA CTHETA
-=0.850U454E-05 ~0.754724E~-05 -0.535090E-06
ROOTS
REAL IMAGINARY
-0.809735 0.0
-0.077702 0.0

VERTICARL VELQCITY COEFFICIENTS

AW BW CW DW
-0.110338E-05 -0.463001E-05 -0.113874E~05 -0.610100E-07

ROOTS
REAL IMAGINARY
-3.937668 0.0
-0.180908 0.0
-0.077621 0.0

FORWARD SPEED POLYNOMIAL COEFFICIENTS

AU BU cu DU
0.0 0.0 0.0 0.0
ROQTS
REAL IMAGINARY
KEXKI EEXEKXK KX XX 0.0

EXXXXXEEXXRXRNKEEX 0.0

XXXEEX XN " XX EKKX 0.0

TABLE 4-1 ROOTS OF VERTICAL TRANSFER FUNCTION

E
0.331301E-06
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the hydrodynamic coefficients associated with X were assumed
to be zero except X<u> and X<u>. Figure 4.1, which is a
flow chart fox VERTLIN.FORT shows the method wused to
calculate the ronts. Subroutine ZPOLR, a routine written by
IMSL,Inc. and availabhle as a library routine at C.S. Draper
Laboratory, was used in VERTLIN.FORT to find the zeros of
the polynomials. The pitch (8)and heave (uw) transfer

functions can be written (after cancellation):

(S + 2.34)(s + .36 + .243)(s + .36 - .243)

(S + 3.94)(s + .18)

(5 + 2.34)(s + .36 +.243)(s + .36 - .243j)

The vehicle's response in the vertical plane was then
determined by finding the inverse LaPlace transform for 6(s)
and w(s) assuming a one degree deflection of the stezrn
planes. Pitch angle as a function of time following a one

degree deflection can be expressed:

#(t) = -0.027 - 0.0025Cexp)(-2.34¢%)

+ 0.03(exp)(-.36t)(cos.24t + .66sin.2uUt) (66)

The vehicle's vertical velocity as a function of tine
following a one degree defloction of the stern planes can be

expressed:

w(t) = -.003 + .001Cexp)(-2.34%)

+0.002(exp)(-.36t)(cos.24t + .032sin.24t) (67)




5L

dodis

WIIUING N0 NS00y daNM
ary S$looy 39308 FAVINITND

1

LY0d "NITLYIA ¥Od LYVHIMO'TA

WYod “IWuoisSNIWIQ

or Q') Pg ‘my  ivaAved

+
£

\o 3%

mlamlmg My caudIn 330D
NIWONN0d  IANSH  INTININD

v

"¢ “*D g ‘Y o4
wnda (3)%Y «— (nby S

T

WY93 WuoisuIig

04 .sar..U....Q .4¢ ANIAUGD

+
L

10 33

1

13SNING 1NdAN0 NI So0Y 3319 |
QY Sa00Y HILG RWINIWND

ol

D 'eg 'Sy
(N8 S

nd3 (€)%Y &

1

. W¥%3 -IyueiSNINIg
o+ ©95 f9g ey Lvaanod

+
£

g™ Mgy saurdRm
“WiWoNi10d 39¥nS 3 WNINDWD

. 3

A3s5viYd 2ndan0 NI 3008  FIM
PV $.00¥ IANIN FANWDIWD

Wb (M)EY & (YSy 33S

-0 4

0)ieg ey siuamidsaod
WINONA04 Rodld 24N WNOWD)

+

FIPWING 2ndano NI SroodY
34YM ANV Sa0ey JIVTINOIWND)

T°v HUNDIA

1"

3aH's’'v ou
D (S)'V € (HIY 35

y Y

wyod WNoISNIULG
o+ 3'q9'y Avaangd

+
L

-0 3

3‘a>‘'9’'v
SIUIMFIAD  IIVINOWN)

*

Wil WHOISNIVIG 01 INILY AN
EL SR IVIVET LI Y IP% Y |

L L3

INOIS NI 1aNeN IVNGISHIWIG

$42933M Py SIPVIYVA
¥I14HOD Py DY A31234S

L1YY.LS




55

Plots of 9(t) and w(t) are shouwn in Figure 4.2 and 4.3 These
plots show that the vehicle behaves in a stable, predictable
manner in the vertical plane following a small stern plane

deflection.

In the expressions for pitch angle and vertical velocity as
functions of time, it can be seen that some texrms are much
smaller than others. This indicates that the effects of
some poles and zeros are insignificant in comparison to the
effects from the remaining poles and =zeros. When these
zeros and poles which have only minor effects are dropped

from the transfer functions, the transfer functions can be

written:
(s + .81
8(§) = mmmemmme——— e e (68)
{S + .36 + .243)(s + .36 - .2u43)
(s + .18)
U(S) = —mcmmecccccrcecmme e mc e e (69)
(S + .36 +.243)(s + .36 - .243)

The system characteristic equation can now be uritten:
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PITCH MQTION

57671982

-0.00
4
+

-1.00 ."".S.”.o“_”“.i.i",“'-’g.u 0,20

-1.20
+ "
+—t

FIGURE 4.2

2.00  %.00  $.00 .u}' 12.00 1408 18.00 18.00

PITCH MOTION FOR A ONE DEGREE STERN PLANE
DEFLECTION
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Z VELGC. (FT.PER SEC.)
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. 00 :b.u} 12.00  14.00  18.00 18.08 20.

FIGURE 4.3 HEAVE MOTION FOLLOWING A ONE DEGREE STERN PLANE
DEFLECTION




S%2 + ,76S +.187

This equation is of the form,

S22 + 2¢un + wn?

-
=

where ¢

on

Solving for the damping ratio,

time constant:

58

(70)

damping ratio

natural frequency

natural frequency and system

¢ = 10.88

wn = 0.432

T = 14.5 secs.
4.3 LATERAL TRANSFER FUNCTIONS
The transfer functions for the lateral equations uwere
determined and analyzed wusing the same procedure Just
completed for the longitudinal equations. Equations (52-54)
were nondimensionalized in the same fashion as were the

longitudinal equations,

B% = vsUo,

with the additional definition that
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Nondimensionalized Lateral Equations of Motion
[} ', - vt _!,lz_vv_v
[(m' - Y v)s' ?V]B + [~ Y ps Yps Y¢]¢

'2

+ [- Y'Es + (m' - Y;)s']w =Y

'é
85 R (71)
[- K':s' - K118 + [(1] - K'{))s'z - K's' - K316
1, 2 - r'a! = ®'
+ [(- I;z -K r)s Krs 1y KGRGR (72)
[-N'es' - NJIB + [(- I, - N'f))s'z - Nis' - N0

+1ay - N'i_)s'z - Nls'ly = NéRGR | (73)

The lateral transfer functions uwere determined £from these
equations.

Lateral Transfexr Functions

B8
NG s'(A 3'3 + B s'2 +C,s8'+D)

Blog = g = g —— (74)
ALat 8'(As' 4+ Bs'" +Cs8'“ + Ds' + E)
Nz s'(A.s'2 +Bs'+C)

#/og = T T B I (75)
ALat s8'(As' + Bs'" +Cs'"" + Ds' + E)
Ng A 3'3 + B s‘2 +Cs'"+D

Wog =5 = — ts 5 . (76)
Lat s'(As' + Bs'" +(Cs'” + Ds' + E)
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Figure 4-4 is a flow diagram of the computer program
HORLIN.FORT {listed in Appendix C). The values of the
coefficients and <roots for the lateral transfer functions
were calculated with HORLIN.FORT and are listed in Table
4-2. The coefficients and the roots of the xoll polynomial
are equal to zero because of the vehicle's symmetry in both
the vertical and horizontal planes. The transfer functions
for the suay and yaw motion are written (after
cancellation):

(S + 4.38)
V(S)/782(S) = ==m—mmmm—mee—eeeeo : (77)

Y(S)/8X(S) = m—mmmmm—m e (78)
(S + 2.69)(S + .45)

v(t) and v(t) were determined:

~

v(t) = 0.58 - 0.62exp(~.45¢t) (79)
Y(t) = .014 - 0.01t - 0.012exp(~.45t) (80)

Plots of v(t) and ¥(t) are shoun in Figures 4.5 and 4.6.
These plots show that the vehicle is stable and behaves in a
predictable manner in the horizontal plane for small
deflections of the rudder.

In order to maximize the use of the installed enexgy., the
control suxrfaces should be redesigned +o reduce their area,

which would reduce the drag on the vehicle and thereby
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OUTPUT VALUES ARE IN DIMENSIONAL FORMNM
COEFFS. OF CHARACTERISTIC EQUATION

A B c D E
0.301377E~07 0.110544E-06 0.899080E-06 0.257019E-05 0.976523E-06
ROOTS OF CHARACTERISTIC EQUATION

S N 4
-0.264699 -5.186463
-2.692328 0.0
-0.446244 0.0

SIDESLIP POLYNOMIAL COEFFS.

ABETA BBETA CBETA DBETA
R°0i§79kl7i-07 0.137099E-06 O0.818321E-06 ©0.329856E-05
0
REAL IMAGINARY
-4.377226 0.0
~-0.264695 ~5.186463
-0.264695 5.186463
ROLL POLYNOMIAL COEFFS.
APHI BPHI CPHI
0.0 0.0

0.0
ROOTS
REAL IMAGINARY
' 332233233333 138% 0.0

EXXXXXXEXXXXRKXX KK 0.0

YAW POLYNOMIAL COEFFS.

APSI BPSI CPSI DPSI
-0f§693Q55‘07 -0.362082E-07 -0.738029E-06 -0.591960E-06
RCO
PEAL IMAGINARY
-0.264697 5.186u465
-0.264697 -5.186465
-0.814914 0.0

TABLE 4-2 ROOTS OF HORIZONTAL TRANSFER FUNCTIONS
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SWARY MOTION
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maximize mission range ox time. After selecting a new £fin

size and shape, the affected <c¢alculations in Chaptexr IIX

should be repeated to determine new hydrxodynamic
coefficients. Then the aralysis of this chapter should be
repeated. Th.s sequence should be repeated until the size

of the control surfaces is the smallest which will provide

the desired control characteristics.
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Chaptexr V

APPLICATION OF MODERN CONTROL THEORY

After analyzing the vehic¢le wusing classical control theoxy,
the next step was to apply the principals of modern control
theory which wuses state space; state variables and state
vectoxrs to describe the 'dynamic system which is to be
controlled. Modexrn c¢ontrol theory c¢an be used to design
contrxol systems which have multiple inputs and multiple
outputs.

The state variables are a set of variables of interest,
X<i>, which completely describe the state of the system at
any fixed time. The finite numberxr, n, of state variables
which can completely describe the system at any instant forxm
an n component state vector:

X = (X1.%Xz,..%<n>)

The inputs to the system are represented by a control
vector, ﬁ.

The state equations which represent the system are then

written in the form:

- - - -
X AX +BU

<
Y
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where A,B,C, and D are coefficient matrices and Y(t) is the

output vector. The state variables are not a unique set.
That is. various sets of state variables can be used. Where
possible, it 1is advantageous to <c¢hoose as the state

variables those variables which have physical significance
and which can be measured.

The next step in the design sequence was to model the
nonlinear motion of the vehicle in six degrees of freedom.
Appendix D contains a listing of the six nonlinear equations
which were proposed as the standard equations of motion for
submarine simulation?.

Appendix El%ontains the listing of a computer subroutine
which uses these equations to c¢alculate the values of the
vehicle's linear and angular velocities in bhoth the body
coordinate system and the earth coordinate system. The flouw
chart for this subroutine is shown in Figure 5.1.

This completes Phases I through V of the control system
design process as discussed in Chapter I. ARdditional wozxk
on this topic should begin with Phase VI and procede to the

final control system design.

Gerter, M. and Hagen, G.R.; Standard Equations of Motion
for Submarine Simulation; NSRDC Report No. 2510;
Washington D.C. ; June, 1967

10

Lee, Jang Gyu; The Charles Stark Draper Laboratory, Inc.; February, 1982
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Chaptexr VI

CONCLUSIONS

A genexal procedure for the control system design of a small
unmanned, untethered, underwater vehicle was formulated.
The early phases of the procedure were accomplished for the
vehicle. accomplished for a vehicle.

The linearized equations of motion in six degrees of
freedom for small perturbations about an equilibrium
condition of straight ahead motion were formulated, and
values for each of the hydrodynamic coefficients in these
equations were calculated. The vehicle's response to a
small control surface deflection was analyzed by forming the
transfer functions for each of +the equations and then
solving for the vehicle response in the time domain. The
initial design of the control suxrfaces for the selected
vehicle size and shape was conservative. Smallexr control
surfaces should be designed and the analysis should be
repeated until +the smallest control surfaces which provide
satisfactory vehicle control are achieved.

A model of the vehicle was formulate using the nonlinear
equations of motion. Additional woxrk in the arxea of this
thesis would be to complete a nonlinear model of the vehicle

and its control systenm. Modeling of the vehicle's sensors
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and measurement noise terms and constructing an observer to
calculate non-observable states are required to combine with
the nonlinear vehicle model and input tezms.

This complete nonlinear model should then be used teo
predict the vehicle's response in real time. An ac;ual
control system should then be designed that has the desired
characteristics to control the vehicle within the specified

tolerances.
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APPENDIX A

NOTATION

Definition

B

B'=
gp{,!U!

x - 3pef
el
Y $pt
1 te 2
T
1
1 "= XY
xy  $pif
17 =y
vz §pt®
I '= lax
I T
K
K' = g
$ol°U
) X,
K L
R T
- K«
*n ép&SUZ
K '=&
P 3piLeu
K. = D
P 3ptf
K ;.%EJ
plp| P
,_ K
Pa  $pt®

Buoyancy force, positive upward

Center of buoyancy of submarine

Centexr of mass 6( submarine

Moment of inertia of submarine about x a:si: '
Moment of inert.ia of submarine about y axis

Moment of inertia of .submarine about z axis

Pro;:lnct of inertia about xy axis

Product of incrtia about yr axes

Product of ine?tia about zx axes

Hydrodynamic moment component about x
axis {rolling moment)

Rolling moment when body angle («, 8) and
control surface angles are zero

Coefficient used in representing Ky 25 a
function of {n-1)

Fl.rst order coefficient used in representmg
K as a function of p

Coefﬁcmnt used in representing K as a function
of: P

Second order coefficient uscd in representing
K as a function of p

Cocfficient used in representing K as a function
of the product pgq
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Cocfficicnt used in representing K as a
function of the product qr

First order coefficicnt used in representing
K as a functionof r

Coefficient used in representing K as a
function of r

First order coefficient used in representing
K as a function of v

Cocfficient used in representing K as a
function of ¥
4

Second order coefficient used in representing
K as a functionof v .

Coefficient used in representing K as a function
of the product vq

Coefficient used in representing K as a function
of the product vw

Coefficient used in representing K as a function
‘of the product wp

Coefficient used in representing K as a function
of the product wr

First order coefficicnt used in representing
K as a function of &,

Overall length of submarine

Mass of submarine, including water in {ree-
flooding spaces

Hydrodynamic moment component about y axis
(pitLhing moment) .

Pitching moment when body angles (o, B) and
control surface angles are zero

Second order cocfficient used in representing
M as a function of p. First order coefficient is
zero.

First order coefficient used in representing
M as a function of q

First order coefficient used in representing =

M(l as a function of (n+1)

Coefficient used in representing M as a
funection of q




Malal
Mlqlbs
rp
TY
vp’

vr

Ssn

Malal * FMC?M

M ‘e M 68
falés ~gpreu
M

Mrp' = :—PL—:-E

<

MTI‘

Mrr' s ;FL‘

M
M = —-—vz
VP gott
M '= _yi
vr ép&‘

MVV

Mvv' = 3pl° -

M as a function of w
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Second order coefﬁcunt used in representing

M as a function of q

Coefficient used in representmg M6 as a
function q

Coefficicnt used in representing M asa
function of the product rp

Sccond order coefficient used in representing
M as a function of r. First order coefficient
is zero

Cocfficient used in representing M as a
function of the product vp

Coefficient used in representing M as a
function of the product vr

Second order coefficient used in representing
M as a function of v

First order coefficient used in representing
M as a function of w

First order coefficient used in réprese-nting
M, as a function of (n-1)

Coeffxc:ent used in representing M as a function
of w

First order coefficient used in representing M
as a function of w; equal to zexo for symrmetrical
function

Cfoefﬁczent used in representing Mg as a function
of w

Second order coefficient used in representing .

First order coefficient used in representing
M as a function of (n-1)

w|w |
Second order coefficient used in reprasenting
M'as a function of w; equal to zero for sym-
metrical function

First order coefficient used in representing
M as a function of &,

First order coefficient used in representing
M as a function of 8

First order coefficient used in representing
My 28 8 function of (n-1)
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Pq

qr

N]v(r
vivl|

Nolvia

N = T
N
Ne' = oo w
N'=sop
P ;D‘C‘U
N.'
P sipt‘
, N,
Pa  $pt®
N
qr
N L
qr =§p4‘
N '= N
T gpieU
N.
1
Nen' = 300G
N.! :.—N.Z.'-_.
T gptt
Nrir)
L}
Netzl' = 3ot
N . Nlr'ér
Irler ~ §pteu
N
N '=-ﬂ-—v
v o $pd7U
N ¢ N
=
v dpldU
Ng
N"." =m-‘_
N ':.&'ﬂ.‘
vq ip{,‘
N ' :M
|vlr FoyT
Ny|v]
) -
Netv' = FY
_ N\,i.,;n

N ' -
vivin #00"
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Hydrodynamic moment component about z
axis (yawing moment)

Yawing moment when body angles (o, B) and
coatrol surface angles are zero

First order coefficient uscd in representing N
as a function of p

Coefficient used in representing N as. a function
of '

Coefficient used in representing N as a function
of the product pq

Coefficient used in representing N as 3 function
of the product qr

First order coefficient used in representing N
as a function of r

First order coefficient used in representing
Ny as a function of (1-1)

Coefficient used in representing N as a function
of ¢

Second order coefficient used in representing
N as a function of r

Coefficient used in representing Nar asa
function of r

First order coefficient used in representing N
as a function of v

First order coefficient used in representing N,
as a function of (n-1)

Coefficient used in representing N as a
function of v

Coefficient used in representing N as a function
of the product vq

»
-

Coefficient used in representing Ny as a
function of v

Second order coefficient used in representing
N as a function of v

First order coefficient used in representing
Ny|vi 28 a function of (n-1)
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Cogfficicnt uged in representmg N as a function
of the product vw

Coefficient used in representing N as a function
of the product wp

Coefficient used in representing N as afunction
of the product wr

First order coefficient . used in representing N
as a function of 6¢ ,

First order coefficient used in representing
Nbr as a function of (n-1) -

Angular velocity component about ¥ axis

.relative to fluid (roll)

npgular acceleration component about x axis
auve to fluid

Angular velocity comnponent about y axis relative
to fluid (pitch)

ngular acceleration component about y axis
atwe to fluid

Angular velocity component abom: 2 axis
relative to fluid (yawj

Angular acceleration component about 2z axis
relative to fluid

Linear velocity of origin of body axes relative
to fluid

Component of U in direction of the x axis

Time rate of change of u in direction of the
X axis

Command speed: steady value of ahead speed

. componcnt u for a given propeller rpm when

body angles {a, 8) and control surface angles
are zcro. Sign changes with propeller reversal

COmpoAnent of U in direction of the y axis

Time rate of change of v in direction of the
Yy axis
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Component of U in direction of the z axis

Time rate of change of w in direction of the

z axis

Weight, including water in free flooding spaces

Longitudinal body axis; also the coardinate of a
point relative to the origin of body axes

The x coordinate of CB

The x coordinate of CcG

A coordinate of the displacement of CG relative

to the origin of a set of fixed axes

Hydrodynamic force component along x axis
(longituginal. or axial, force)

Second order coefficient used in representing
X as a function of q. First order coefficient
is zero :

Coefficient used in representing X as a function

X
TP

rr

va

wq

of the product rp

Second order coefficient vsed in representing
X as a function of r. First order coefficient is

zero

Coefficient used in representing X as a function

of u

Second order coefficient used in rcpresenting
X as a function of u in the non-propelled case.
First order coefficient is zero

Coefficient used in representing X as a function

of the product vr

Second order cocffient used in representing X
as a function of v, First order coefficient is zero

First order coefficient used in representing X,

as a function of (n-1)

Coefficicnt used in representing X as a function

of the product wq
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Xww
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Xww
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, _ X5bsb

xbbbb T ipt?u?

x. 1= Xerer
érér ~ 4pi2U?

X
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X - Xgshs -
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Sccond order coefficient used in representing
X as a function of w. First order coefficient is
zero

First order cocfficient used in representing X,
as a function of (n-1)

Sccond order coefficient used in representing X
as a function of §},. First order coefficient
is zero

Sccond order coefficient used in representing

X as a function of 6;. First order coecfficient is
2ero0

First order coefficient used in representing

x&rbr as a function of {1-1)

Second order coefficient used in representing X
as a function of §5. First order coefficient is
zero

First order coefficient used in representing

x&sas as a function of (n-1)

Lateral body axis; also the coordinate of a
point relative to the origin of body axes

The y coordinate of CB

The -ordinate of CG

A« .nate of the displacement of CG relative
to t. rigin of a set of fixed axes’

Hydrodynamic force component along y axis
(lateral force)

. Lateral force when body angles (a, B) and control

surface angles are zero

First order coefficicent used in representing
Y as a functionof p

Coefficient used in representing Y as a function
of p

Second order coefficient used in representing
Y as a function of p
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vq
virl
vivi

levln

brn
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Pq pt*
Ve Yor
qr ;p&‘
t Yr
SRt v
[ Yr
M pt7 U
.
r ;DL‘
Yirior
rlbr § ST
Y
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v 4ptU
Yo' = ok
vn $pl°U
Y.'= v
v ;pcs
Y '= ﬁyv
vq pd
,_ Yvir|
vir| = gpt®
' Y, v
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. Yvlvin
Yolvin' = Fou?
Y
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Y = Yur
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Cocfficient uscd in representing Y as a function
of the product pq

Cocfficient used in representing Y as a function
of the product qr

First order cocfficient used in represcnting Y
as a functionof r

First order coefficient used in representing
Y, 25 a function of (n-1)

Coefficient used in representing Y as a function
of ¢

Coefficicnt uscd in representing Y6 as a
function of r

First order coefficient used in representing
Y as a function of v

First order coefiicient used in representing
Y, as a function of (n-1)

Coefficient used in representing Y as a
function of v

Coefficient used in represcnting ¥ as a function
of the product vq

Coefficient used in representing Y,, as a function
of r

Second order coefficient used in representing
Y as a function of v

First order cocfficient usred in representing
Y"l"l as 2 function of (n-1)

Cocfficient used in repre .enting Y as a
function of the product vv

‘Cocfficient uscd in representing Yas a

function of the product wp

Cocfficient used in represcenting Y as a
function of the product wr

First order coefficient used in representing
Y as a function of &r

First order cocfficicnt used in representing

) ¢ (.
Ybr as a function of (n-1)
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Normal body axis; also the coordinate of a
point relative to the origin of body axes

The z coordinatc of CB

The z coordinate of CG

A coordinatc of the displacement of CG
relative to the origin of a set of fixed axes

Hydrodynamic force component along 2
axis (normal force)

Normal force when body angles {(a, 8) and
control surface angles are zero

Second order cocfficient used in representing
Z as a functiou of p. First order coefficient
is zero

First order coefficient used in representing
Z as a function of q '

First order coefficient used in representing
Zq as a function of (n-1)

Cocfficient used in representing Z as a
function of §q

Coefficient used in representing Z
function of q

55 2s a

Coefficicnt used in representing Z as a
function of the product rp

Second order coefficient used in representing

Z as a function of r. First order coefficient
is zero -

First order coefficient used in representing
Z as a function of w

First order coecfficient used in representing
Zw as a function of (n-1)

Cocfficient used in representing Z as a
function of w

First order cocefficient used in representing
Z as a function of w; cqual to 2ero for sym-
metrical function

Coefficient used in representing Z_ as a
function of g w
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Second order coefficient used in representing
Z as a function of w

First ordcr coefficient used in representing
VA as a function of {n-1) :
wilw]

Second order coefficicnt used 1n representing
Z as a function of w; cqual to zero for sym-
metrical function

First order coefficient used in representing Z
as a function of &

First oruer coefficient used in represcnting
Z as a function of &g

First order coefficient used in representing
st as a function of (n-1)

Angle of attack
Angle of drift
Deflection of bowplane or sailplane
Deflection of rudder
Deflection of sternplanc
Th tio >
e ratio —%
Angle of pitch
Angle of yaw
Angle of roll

Sets of constants used in the representation of
propeller thrust in the axtal equation




81

APPENDIX B

EXPRESSIONS FOR THE LONGITUDINAL TRANSFER FUNCTION COEFFICIENTS

The longitudinal characteristic equétion is
A =As'4+Bs'3+ Cs'2 + Ds' + E
Long
where
= ' LI ' . ', ' o LIS - TeMla7ty o TeMTeW's
A= (m Xu)(m Zw)(Iy Mq) waqu ZuMwXq

- o 2t IYMTeX e — 21 eX e(T' = M'e) = Mfo(m' = R'e)Z'e
(m Z W)M uX q Z ux W(Iy M q) M w(ln X u)Z q-

B=-(m" - X't-‘)(m' - Z":,)Mél - Z"’(m' - X'a) (I; - M'a)

- ! Yt 1 M%) = X' M'e (7' ' 1.2%. = M'+X'2Z
Xu(m Zw)(Iy Mq) wau(zq+m) MX Zq Mqu

ToM'eX! - 71, Y. - toy'e — L 2V AM X! = M'(m' = Z'e)X'.
-2 M Xq zusz 3 ZM Xq (m' ZW)M uxq Mu(m Zw)Xq

Yo7y, CoX oM = Z X" (T = M'+) = Z'eX'(I' - M'
+M uZwX a + 2 uX qu ZuX w(Iy q) YA uxw(Iy q)

- ', v _ v, (] 1 - M ', v.+ ', Z'e .
Mw(m xu)(zq+m) Mw(m -X )z wau q

- - [ S N Yoo 2t MY tem? o Rt IMY Y em! — 77 \M!
c (m X u) (m Z W)Me + Zw(m X u)Mq + Xu(m 2 w)Mq

YT (T o M'e) — X'eM'7' _ LI -"X'Z'+
+zwxu(1y Mq) wa uZG u w(Z m') - M ( m')

MTeX! _ 71, t _ t.y! _ 7t t, _ _ 21, t.y!
-2 M X z uM Xq ZuM Xq zuwaq (m' Z )M X

- M! [ X B ' tepty? [RVE XTSI VextoM' 4+ Z'X'eM' 4+ Z'X'M'
Mu(m Z w)xq +Muzwxq + szux a + 2 uX wMe ZuX qu ol

I M%) = M'e(m' = X'*372' - M'(m' -~ X'- '+
XvZu(Iy M q) M w(m X u)Ze Mw(m X u) (Zq m')

. ' ' .
+M'X(Z'+m)+XMZ MuXqu
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M (m? - X' T im' — ZTeIM' — 2TRIM! o MIX'e7f _ MfoeXfo?
D= ZwMe (m'.~ X u) + Xu(m Z w)Me ZwXuMq uux wZe M uXwZe

- MR (7! 1Y o 21eMIY! — Z'MT.%T - ZIMIX' - M'(m' — 77'e)Y'
Muxw(zq + m') YA unXe ZuH er Z“MWXq Mu(m YA w)Xe

+ M'eZ'X! + Z'M'X' + Z'X'°M! + Z'-X'M' + X'Z
u wugq u uwa®o W

' M (m! o X'Te)7 !
W o My - M ' - XT0)zg

1]
uq 1

teytal 1yt ] [
+ M wXuZe + wau(zq +m') .

E=~2'X'M! - M'X'2!' - Z2'M'X' 4+ Z'M'X! + X'2'M' + X'M'Z' .
wu#é uweé uweé wu?bé wub uw®o

The pitch response transfer function is

0
N5s Aes'z + BeS' + Ce
0/8 = =

ALong ALong

where

= M' [T Y I t_ o, ' 1Mt ' 2t M - M! tegt,
Ae Mse(m X u)(m Z w) + Zan wM 5 + XGeZ uM v MGeX wZ a

' v LI LN ' LI LI LY
+ )(‘S (m z w)M o + Z6 M w(m X u)
e e
- - M' Y oyt v oMY ' vt o, (] foMm! [} (TYLIN
BO M5 (m X u)Zw MG Xu(m Z w) + 25 X wMu + ZG wa 3
e e e e
] oM ] TM'. - M! tenpt _ M! tgt, ] g, ]
+ X6°Z “Hw + XéeZuH v MGeX wzu MGeXwZ o + Xée(m VA w)Mu

IR Y IV I X RV IS | ' Y fm!? o X'e
XGeZWM u ZGeM wxu + Zde“w(m X u)

v oyto By (B AIVIEE YIRS L B I B A ) VL RN VLTS
Cg = M6 XuZw + ZG wau + X6 ZuMw M6 XwZu X6 ZwMu g wau .
e e e e e e

The vertical velocity transfer function is
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3 v2

Y
8 +Bs +Cs'"+D
w W

!-:-- s =
5

s ALong Long

As
w®

where

x 72! - %'e ' o M. ! M'e7'e Vogt.wt, _ 2t M'ey',
A Zae(m X )(I M ) + X6 M Z a + Mcez X q ZseM uX q

B ARYE AR LN ' L I PO AN
+ XGeZ u(Iy M q) + Hae(m X u)Z q°

= - 7 VD X' IMY o 7Y RILTY o M'e [EEVIE X IN t M. (7Y '
B Zée(m X u)Mq ZGexu(Iy M q) + XGeMuz a + XGeM u(Zq +m')

+ My Z'eXD 4+ Mg ZUX'. - 20 MUX! - Zp MIX'. - X1 2'eM!
Ge u'q Ge q Ge q Ge q Ge q

J v ', ] - ', ' - [} '
+xrszu(1y M )+M (m' - X )(z + m') Msxzq.

e e e
= - ' | B ', v ' Tt ] ot [} ] [} L 1 tey?

C, z(S (m X u)Me + z(S XuMq + x6 M uze + X3 M“(zq +m') + Ma z uxa
e e e e e

[ tpr o teygt? _ gt Tyt _ oyt TeM! _ 1! (AYL ’ ! LYt |

+ My zuzq 25 M uxe z6 Mqu X5 yA uMB x‘s zuMq + MG (n X u)z9
e e e e e e

] t L L
Maexu(zq +m').

- 7' WM 't Mt Yooty _ ot MIY! oyt 2int MY Ry
Dw ZG xuMS + X(S MuZe + M6 ZuXe Z(S Muxe X‘s zuMG HG xuze .
e e e e e e

The forward speed transfer function is

u
'3 + B s' 12 +Cs'+D
u u

.‘L, =
3§

s ALong ALong

where
= X' -7, o M. (] tez'e 4 270 T.x'. ] -2, ',
Au X (m' Z w)(Iy M q) + MG X wZ a Z6 M wX q + M& (m' z )X a
e e e e
+ zZ! X' (I' - M ) - X! M'-Z' .

8

e 8¢ ¥ 4
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Xse(m Zw)uq XG (Iy uq)zw+uexw\zq+m)+u X'z

e § 6o W 4

" Mley! T MIYTe v Vo 2ty o M Z'X'e = 2' X'eM!
+ ZGeM wxq + zé'ewa a + Mse(m Z w)xq MGeZwX q ZGeX qu

Vot (T - M'e) = X' M'.(2Z® 1y _ w'! M'7%.
+ Zce)lw(ly M q) XGeH w(Zq + m') XseMwZ q°

oy '
XG (m

1 AM? v oty UL Vot (a7 ' v M.y
. Zw)Me'Q'x Z'M +Hexwze+l{6exw(zq+m)+26wae

éewq 6 e

' tyt ] v g, t M ' v _ ot teM?! o 7° (VL)
+ ZG waq + MG (m A w)xa HG Zw Xq Z6 X wMB 26 Xqu
e e [ e e

' M'.7' — X' M'(Z' '
XGeH wZB xdeuw(zq +m') .
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EXPRESSIONS FOR THE LATERAL TRANSFER FUNCTION COEFFICIENTS

The lateral characteristic equation is

4 '3 12

A = g'(As' + Bs'® + Cs

+ Ds' +
Lat Ds E)

where

= 'yt " NT. 1 gle oo T' = R'«)V'e
A= (m Y V)(Iz N r)(Ix K p) + N v( Ixz K r)Y b

teR'e(o T' = N' - N'.V! Vo ') - R'e(T' - N! ',
+Y rK V( Ix N ) N VX r(Ix K ) K's (I N )Y P

(m' - Y'%)(- I;z - N'B)(- I;z - K';) .

B=-(m' - Y';)(I; - N';)K; - N;(m' - Y';)(I; - K'ﬁ)

YT - N'. 't _w'. Volm T' = R')Y' - N'e ',
Yv(Iz N r)(Ix K p) + N v( Ix K )Y N vKrY b

T2 T' — R'e)Y'e = Y'eR'eN' + Y'¢K'(~ I' - N'-
+ NV( Ixz K r)Y o Y rK va Y rKv( Ixz P)

! U YR Te(e T' -« N'e ISR Yolm! = V! "R,
(m Yr)K v( Ixz N p) + N vY er 4+ N v(m Yr)(Ix K p)

we, r L - LI r _ 1 A LI |._ I_N' KY'
NVY r(Ix K ) K': (I N )Y + K N Y (I r) v op

. LIS - L} - L L r LIPS LY ] - LI
+ (m Yv)( Ixz Kr)Np+(m Yv)Kr( Ixz Np)

LY ' - LI - 1 - L .
+Yv( I, Kr)( I, Np)




+

+
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Yem' o V'R - LIRS I " NTeR? YLTY o NYeyR?
Nr(m Y v)Kp (m Y v)(Iz N t)K¢ + YV(Iz N t)Kp
TYILTY oK' Voelaw T' ~ R'»IV! o NVeg'y? ‘(- T
Ner(Ix K p) + N v( Ixz K r)Y¢ N vxryp + Nv( Ixz

IV o VIeR'eN' = V9iep'N' v yIyRIeN!
NvKrY P Y rK VN° Y rKva + (m Yr)K va

[y |
K r)Yp

Vo YK (= T' - N"e) 4+ N'CY'K' -« N'e(m' - V')K' tyveypt
(m Yr)xv( 1 N p) N vY er N v(m Yr)Kp + NvY er

Xz

¢

v P

W'Y'e + b V1Y (e T' - RVOIN' - VoLt YN
KVNrY ? (m Y v)( Ixz K r)N¢ (m Y v)Ker

Teo T' o RY'GIN' o R'WUY'(e T' o« N'e
Yv( Ixz K r)Np Ker( Ixz N p) .

Yem' - V'L R VLT w N's YK - N'VIR? — N'ew'V?
Nr(m Y V)K¢ + Yv(Iz N t)K¢ NthKp N vKrY¢

PO T - R'eIV! o N'K'YV! o YI.R'N? Y vY)RteN!
Nv( Ixz K r)Y¢ NVKrYp Y rKvN¢ + (m Yr)K VN¢

! D VIYRIN?' = N'elm' « YUIKR! TyYeR' o N'¢m! ~ V'\K!
(m Yr)KVNp N v(ln Yr)K¢ + NVY rK¢ Nv(m Yr)Kp

©vp

N!'(m' - Y;)(I; - K'é) - K';(I; - N';)Y' + K';N;Y' - (I; - N'K'Y!

+ K'*N'Y}

vr ¢

' NYLIR'Y! Nty Vo VY ZR'™NY o V(- T! - K!'eIN?
(Iz N r)KvX + KerYp (m Y v)KrN¢ Yv( Igz K r)N¢ _

¢

K'Y'N'
rvyp’

~ N'Y'K' - N'K'Y
r vr

v ¢ ¢ v $

sideslip transfer function is

L} !3 + L
s (ABS BBS
R ALat ALat

2 '
+ CBS + DB)

' L VYIYRIN' ~ N' m! « VIIR! INTy?!
+ (m Yr)K N Nv(m Yr)K¢ + KerY

$

+ K'Y'N
rv

¥

¢ "




where

B

+ Né Y'. (I' - K's ) + K (I' - N’ )Y" - Y' (- I'
r

(]
L}

LR VIJNY ' Y vty (o
+ KGrY er + KGr(m Yr)(

M - ' - ', J ] ]
+ Yér( Ixz K r)Np + Ydrxr

s

= V! " _ N'. ! o K'Y o N' (= T' = R'eYY'se - R
A Ysr(Iz N r)(Ix K P) Nsr( Ixz K r)Y p K

- vt ' N'e)YR' = V! N'"(T' « BK'¢) =« N! (- I
8 Yaraz N'LIK YGrNr(Ix Kp) Nsr( I

t _ yNIN! t _R'. ' ' NtV [
(m Yr)NGr(Ix K p) + Kér(Iz N r)Y -K
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c =-Y' (I'-N' )K'+Y'NK'-N6 (-I"‘ -K'. )Y'+N
l‘

+ K! Y'eN' - Ké (m* - Y' )N' - N' Y'-K' + (m' - Y,'__)Né K

Grr¢ -

1 " N'e '
+ Kdr(Iz N r)Y¢ r 6 P

= Y! '+ N " _ g
DB Y6 N! K¢ N rKrY¢ K r(m

-yt '
Y KrN¢ .

The roll transfer function is

lKl Y! +Y! (

) .

1o (w ] - te
GYr( Ixz Np)
T
-K"'0)(=1I' = N'-
Kr)( Ixz lqp
- K!.)Y' -+ Nl K'Y"
Xz r’’p Grr P
* - N'e) - N! 1,
Ix N ) NGYer
r
N'Y'e
6 rYp
- 1 - ',
( Ixz Np) .
(24 )
GKrYp
ré
1 ]
-I' -K')N¢-Y6KN .
[ t L wryN! t o N'R' V!
-Y;)N"ﬂ- (m Yr)NGrK¢ 'NrKGrYo

i} s'(Ad’s

'2 1]
+ B¢s + C@)

Ng
$ ._R
6R ALat

where

ALat
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- ' ' - '. ' - '. - ' '. - ' - '. . L ]
A, K“z(m Y')(I - N'2) Yer =Ll - k') +N&rK'vY'r

" N'ev'. ¢ R (T = N'e) - N Vo V'Y o T o R'e
KGrN vY + + YGtK v(Iz N r) Nér(m Y v)( Ixz K r) .

- o K YL VIJINY - B VU(T o N'e UUNTeR! - VY N'(— T' o W'e
B¢ KG (m Y V)Nt KG Yv(Iz N r) + Y5 N VKr XB Nv( Ixz K r)
r r . 4 r
o N' Rie(m' - v "oy, ! N'el(m' — V') - ' N'V'e — V! Rion!
NS K v(m Yr) + N6 KVY r + K6 N v(m Yr) K6 NVY r Y6 K er
T r r r r
CRY(TY o N'e v o oyrt.yk!? Vot TV _ wt.
+ Y5 Kv(Iz N r) + N; (m Y v)Kr + Ng W-Iv( I,k r) .
r T r
- k' VIN! CNTRY O N R'(m' - V') Y NT(m' - V'Y - Y RINY
C¢ KG Yer + YG NvKr NG Kv(m Yr) + KG Nv(m Yt) YG KVNr
r r r r r
- N! viR?
N6 YvKr .
r

The yaw transfer function is

v
N 3 2
§ As'" +Bs'+Cs'"+0D
RS y° o
6R ALat ALat

where

- N' ' _ ve, [N 73 I Y N'eV'le o VY 'l T' o N'e
AW Nsr(m Y v)(Ix K p) + Ker vY P YGIK v( Ixz N p)

' ', t L k') - N! 1,vt'y _ 1! Y Y'e)(a T' -~ N'e
+ YGrN v(Ix K p) NGrK vY b Ksr(m Y v)( Ixz N p) .

- - N Vo Wt Y - N V(T - K'e Y N'eV? t oty
B N6 (m Y v)Kp Néer(Ix K p) + Ker va + K N'Y

r 6r v.p

Y RYON' - V! T T' o N'¢) = V! N'eR? Y NYETY o ®'e
+ Yer va YGrKvS Ixz N p) YGrN va + YSva(Ix K p)

o N' K'eV! _ N' R'Y'e ' Y _ v.IN! Vyte 1Y o N'e
NarK va NGrKVY P + Kar(m Y v)Np + KGer( Ixz N p) .
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——1] - ' \R! ' ' R UR 4 " Nryt " RTeN?
c“' Nsr(ﬂ Y )K +NGYK +K6N Y0+K6rNY +Y ‘VNQ

+ Y K'N' - Y' Nl.x! - Y' 'K' u' K"Y' - u'

5 vp *e 6 vp e GK'Y"AI-K' (m* -Y';’)N;

- k' Y'N!
KCer“p .

- N' YR T Nty ' K'N' * N'R' - N' K'Y' - R' Y'N'
W NerK"PK NY¢+Yrvﬂ. -Y NK’ NGKY’ K N‘




o
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1
2
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Cc
C
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3
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C
c
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1
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C
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APPENDIX C

VERTLIN.FORT

REAL A,B,C,D,E
INTEGER NDEG,IER
READ(Y4,*) WT,XUD,ZWD,RIY,XL,U
READ(4,%*) RMUD,ZQD,XWD,RM2D, RMWD
READ(4,*) X@D,ZUD,RMQ,2W,XU,2Z2Q
READ(Y4,¥) RMU,XW,X9,2U,RMTHET
READ(U4,*) ZTHETA,XTHETA,RMW,XDE,ZDE,RMDE
REAL AT1(S5),R2(3),R3C(4),AH(CY)
COMPLEX 2Z21(4),22(2),23(3),24(3)
WRITE(6,15)
FORMAT(1X,'IN WHAT FORMAT DO YOU WANT THE ANSWER?',/,
' DIMENSIONAL WRITE 1',/,
! NONDIMENSIONAL WRITE 0°')
READ(7,20) J
IF (J) 2,2,1
WRITE(S,4)
WRITE(6.,4)
FORMAT(1X, 'OUTPUT VALUES ARE IN DIMENSIONAL FORM')
GO TO 3
WRITE(S,5)
WRITE(6.,5)
FORMAT(1X,'OUTPUT VALUES ARE IN NONDIMENSIONAL FORM')
CONTINUE
FORMAT(I1)
XLU=XL/U

XLUZ2=XLU*XLU

XLU3=XLUZ2*XLU
XLU4=XLU3*XLU
XLUS=XLU4XXLU

A= (WT-XUD)*(WT-ZWD)*(RIY-RMPD)-XWD*RMUD*XZQD-ZUDXRMWD*XQD
=(WT-ZWD)*RMUDXXQD-ZUDXXWDX(RIY~-RMQD)-RMWUDX(WT~-XUD)*ZQD

8911234567892123456789312345678941234567895123456789612345
B= —-(UT-XUD)*(WT~-ZWD)*RME-ZW*(WT-XUD)*(RIY-RMOD)
=XU*(U'T-ZWD)X(RIY-RMOD)-XWD*RMUD*(ZR+WT)-RMU*XXWD*ZQD
~PMUD*XW*ZQD-ZUDXRMWUDXXQ-ZUD¥RMW*ZRD-ZU*RMWD*XQD-(WT-ZWD)*
RMUD*X@-RMUX(WT-ZWD) *XQD+PMUDXZW*XOD+ZUDXXWD*RMQ
~ZUXXWDX*(RIY-BRMED)-ZUDXXWX(RIY-RMOD)-RMWD*(WT~XUD)*(ZQ+WT)
-RMUX(WT-XUD)*ZQD+RMUDXXUXZQD

C= ~(WT-XUD)IX(WT-ZWD)¥RMTHET+ZWX(WT-XUD)*XRMQ+XU*(WT~-ZWD)*
PMR+ZUWXXUX(RIY-RMQD)-XWD*¥RMUD*ZTHETA-RMUXXWD*X(ZQ+WT)~
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VERTLIN.FORT (cont.)

2 RMUD*XW*(Z2+UT)-ZUD*RMUD*XTHETA-ZUDXRMWXXQ-ZU*¥RMUD*XQ-ZUXRMW*
3 XeD-(WT-ZWD) *RMUDXXTHETA~-RMUX(WT-ZWD) *XQ+RMUD*XZWN*XQ+

4 ZW*RMU*XXOD+ZUD*XWDXRMTHET+ZU*¥XWUD*RMQ+ZUDXXWXRMQ-

5 XWXZU*(RIY-RMOD)~RMWDX(WT-XUD)XZTHETA-RMW*(WT-XUD) X

6 (ZR+UT)I+RMUD*XUX(ZQ+WT)+XUXRMUXZRD-RMUXXW*ZQD

6

D= ZWXRMTHET* (WUT-XUD)+XUX(WT-ZWD ) *RMTHET-ZW*XU*RMQ-RMU*
1 XWD*ZTHETA-RMUD*XW*ZTHETA-RMUXXW*(ZQR+UWT)-ZUD*RMWXXTHETA
2 ~ZUXRMWD*¥XTHETA-ZUXRMUXXQO-RMU* (WT-ZWD)¥*XTHETA+RMUDXZUW*
3 XTHETRA+ZW¥*RMUXXQ+ZU*XUDX¥MTHETA+ZUD*XWXRMTHET+XWXZUXRMQ
4 “RMWX(WT-XUD)*ZTHETA+RMWD*XXU*¥ZTHETA+RMW*¥XUX(ZQ+WT)
C2345678911234567892123456789312345678941234567895123456789612345
c

E= -ZWXXUXRMTHET-RMUXXWX¥ZTHETA-ZUXRMW*XTHETA+ZW*RMU*XTHETA
1 +XWXZUXRMTHET+XU*RMW*ZTHETA
c
c
IF(J) 22,22,21

21 A=AXXLUY
B=B*XLU3
C=C*XLU2
D=D*XLU

c
c
c
22 WRITE(5,50)
WRITE(6,50)
50 FORMAT(1X,'COEFFS. OF CHARACTERISTIC EQUATION',/)
WRITE(S5,51)
WRITE(6,51)

51 FORMAT(7X, "A", 14X, "B", 14X, 'C"', 14X, 'D"', 14X, "E")
WRITE(S, 100)A,B,C,D,E
WRITE(6,100)4,8,C,D,E

106  FORMAT(1X,5E14.6,/)

NDEG=U
AT(1)=R
A1(2)=B
R1(3)=C
A1(&)=D
A1(5)=E

c

c
CALL ZPOLR(A1,NDEG,Z1,IER)

C23456789

c

¢

- WRITE(S,200)

WRITE(6,200)

200 FORMAT(1X, 'ROOTS OF CHARACTERISTIC EQUATION',/)

WRITE(5,205)
WRITE(6,205)
205 FORMAT(10X, 'REAL', 11X, 'IMAGINARY')
c
WRITE(5,201) 21
_ WRITE(6,201) Z1
AT(1X,2F16.6,77)

- 201 FORM
C

C
C PITCH RESPONSE TRANSFER FUNCTION NUMERATOR POLYNOMIAL
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VERTLIN.FORT (cont.)

Qaaa

ATHETR = RMDEX(UT-XUD)*(WT-ZWD)+ZDEXXWD*RMUD+XDEXZUDXRMWD
1 —RMDEXXWDXZUD+XDEX(WT-ZWD)*XRMUD+ZDE*MWD*(WT-XUD)

C
C234567
BTHETA = <~RMDEX(WT-XUD)*ZW-RMDEXXUX(UWT-ZWD)+ZDEXXWDXRMU+
1 ZDEX*XWX¥RMUD+XDEXZUDXRMW+XDEXZUX¥RMD-RMDEXXWD*ZU
2 -RMDE*XUW*ZUD+XDEX(WT-ZUD)*RMU~-XDE*ZUXRMUD
c 3 -ZDEXRMWD*XU+ZDEXRMW*X(WT-XUD)
c
CTHETA = RMDE*XUXZW+ZDEXXW¥RMU+XDEXZU*RMW~RMDEXXW*ZU
1 —XDEXZW*RMU-ZDEXRMW*XU
82345678 ’

(J) »32,31
31 ATHETA =ATHETAX*XLU2
HETA =BTHETA*XLU

32 WRIT

)

)
52 FORM ;PITCH POLYNOMIAL COEFFICIENTS'/)
)
L}

53 FOR » "ATHETA',9X, "BTHETA',9X, "CTHETA")
gg; ATHETA,BTHETA,CTHETA

ATHETA,BTHETA,CTHETA

=
o
g
-
IV EA G ICE T o]
HHHN A~~~

aa Qa

T
T
54 FORM
T
T

-

C
C VERTICAL VELOCITY TRANSFER FUNCTION NUMERATOR POLYNOMIAL
c

AW = ZDE*(WT~XUD)*X(RIY-RMQD)+XDEXPRMUD*ZOD+RMDE*ZUD*X@D-ZDEXRMUD
1 XXOD+XDE*ZUD*(RIY~RM@D)+MDEX(WT-XUD)*ZeD
C234567
c
BW = -ZDEX(WT-XUD)XRMQ-ZDEXXUX(RIY-RMQ@D)+XDEXRMUXZQD+XDEXRMUD
1 X(ZQ+WT)+MDE*ZUD*XQ+PRMDEXZUXXQD~ZDEXRMUD*XQ-ZDE*RMU*XQD
2 -XDEXZUDXRMQ+XDEXZUX(RIY-RMED)+RMDEX(UWUT~XUD)*(ZR+WT)
3 -BEMDE*XU*ZQD
C2345678911234567892123456789312345678941234567895123456789612345
CW = -ZDEX(WT~XUD)*RMTHET+ZDEXXUXRMR+XDE*RMUDXZTHETA+XDE*RMU
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VERTLIN.FORT (cont.)

1 X(ZQ+UT)+RMDEXZUDXXTHETA+RMDEXZUXZQ-ZDEXRMUD*XTHETA
2 -ZDEXRMUXXQ-XDE*ZUDXRMTHET-XDEXZU¥XRM@+RMDEX(UWT-XUD)
3 XZTHETA-RMDEXXU*(ZQ+WT)
C
Cc
DW = ZDE*XU*RMTHET+XDE*RMUXZTHETA+RMDEXZU*XTHETA
e 1 ~ZDE*RMUXXTHETA-XDE¥ZU*RMTHET-RMDE*XUXZTHETA
c
c
IF(J) 42,u42,41
41 AW=AWXXLU3
BU=BWXXLU2
CW=CW*XXLU
Cc
o
42 WRITE(S, 105)
WRITE(6,105)
105 FORMAT( 11X, 'VERTICAL VELOCITY COEFFICIENTS',/)
WRITE(S, 106)
WRITE(6,106)
106 FORMAT(7X,'AW',9X, 'BW',9X,'CW',9X, "DU")
WRITE(5,100) AW,BW,CW,DU
WRITE(6,100) AW,BW,CW,DW
C
C
NDEG=3
A3(1)=AW
A3(2)=BUW
A3(3)=CcUW
A3(4)=DW
C
C
CALL ZPOLR(A3,NDEG,Z3,IER)
c
C
WRITE{S5,202)
WRITE(6,202)
202 FORMAT(1X, "ROOTS")
WRITE(S5,205)
WRITE(6,205)
WRITE(5,201) 23
WRITE(6,201) 2Z3
Cc
o
c23456789
AU = XDEX*(WT-ZWD)*(RIY-RMQD)+RMDEXXWD*Z@D+ZDEX*RMWD*XQD+RMDEX
— 1 (WT-ZUWD)*XQD+ZDE*XWD¥(RIY-RM@D)-XDEXRMWD*ZQD
C
c
BU = ~XDEX(WT-ZWD)*RME@-XDEX(RIY-RM@D)*ZW+RMDE*XWD*(ZR+WT)
1 +RMDEX*XWXZQD+ZDE*RMUD*XQ+ZDEXRMWX{QD+RMDEX(WT-ZWD) *XXQ
2 -PRMDE*ZW*XQD-ZDEXXUWD¥*RMO+ZDEXXWX(RIY-RM@D)-XDEXRMWD
3 *(ZR+WT)-XDEXRMW*ZQD
o}
C
c

CU = -XDEX*(WT-ZWD)*RMTHET+XDEXZW*RMQ+RMDE*XWDXZTHETA+RMDE*XW*
1 (ZQ+WT)+ZDE*PMWD*XTHETA+ZDEX*RMUXXQ+RMDEX(WT-ZWD)*XTHETA
2 ~RMDE*ZW*XQ-ZDEXXWD*RMTHET~ZDE*XW*RM@-XDE*RMWD*ZTHETA




aaQ

Qan

Qo an

Qo o

aq

61

62
60

70

3
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VERTLIN.FORT (cont.)

—XDEXRMWX*X(ZQ+WT)

DU = XDEXZWXRMTHET+RMDEXXWXZTHETA+ZDEXRMWUXXTHETA
-~ RMDEXZW*XTHETA-ZDE*XW*RMTHET-XDEXRMW*XZTHETA

AU
BU
cu

wun
o}
[=]
»*
KK
Htittoy

FORWARD SPEED POLYNOMIAL COEFFICIENTS',/)

1X,"BU', 11X, 'CU"', 11X, 'DU")
BU,CU,DU
BU,CU,DU

LI Ry

umuunw

oQWI
ccca

CALL ZPOLR(AU,NDEG,ZY4,IER)

NN
£ &
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aan

HORLIN.FORT
c
REAL A,B,C,D.,E
INTEGER NDEG,IER
READ(H4,*)UT,RIX,RIY,RIZ,XL,U
READ(Y4,*X)YV,YR,YPHI,YVD,YPD, YRD, YDR, YP
READ(Y4, *)RKV, PKP,RKR, RKPHI,RKVD,RKPD,RKRD, RKDR
READ(Y4, ¥)RNV,RNR,RNVD, RNRD, RNDR, RNPD, RNP, RNPHI
REAL A1(5),R3(3),A2(4),R4(4)
COMPLEX 2Z21(4),23(2),22(3),24(3)
WRITE(6.,15)
15 FORMAT(1X,'IN WHAT FORMAT DO YOU WANT THE ANSWER?',/,
1' DIMENSIONAL WRITE 1',/,
2' NONDIMENSIONAL WRITE 0')
READ(7,20)J
Ir(Jg3)2,2,1
1 WRITE(5,4)
WRITE(6,U4)
4 GgO%HA§(1X,'0UTPUT VALUES ARE IN DIMENSIONAL FORM')
Y]
2 WRITE(5,5)
WRITE(6,5)
5 FORMAT(1X, 'OUTPUT VALUES ARE IN NONDIMENSIONAL FORM')
3 CONTINUE
CZO FORMAT(I1)
c
XLU = XLsU
XLU2 = XLU*XLU
XLU3 = XLU2XXLU
XLU4 = XLU3IXXLU
XLUS = XLU4XXLU
R=(WT-YVD)*(RIZ-RNRD)X(RIX-RKPD) + RNVDX(-RKRD)X*YPD
1 +YRDXRKVDX(-RNPD)-RNVD*YRDX(RIX-RKPD)-RKVD*¥(RIZ-RNRD)*YPD
2 -(WT-YVD)*(~-RNPD)*(-RKRD)
C
C
B = =(WT-YVD)X(RIZ-RNRD)*RKP - RNR*(WT-YVD)X(RIX-RKPD)
1 =YVX(RIZ-RNRD)*(RIX-~RKPD)+RNVD*(-RKRD)*YP-RNVD*RKR*XYPD
2 +RNVX(-RKRD)*YPD -YRD*RKVD*RNP +YRDXRKV*(-RNPD)
3 -(WT-YR)*RKVD*(-RNPD) + RNVD*YRD¥XRKP + RNVD¥X(WT-YR)*(RIX-RKPD)
g ;RNV:YRD*(RIX-RKPD) — RKVDX(RIZ-RNRD)*YP +RKVDXRNRXYPD-(RIZ-RNRD)
RRV*YPD
6 +(WT-YVD)X(-RKRD)XRNP + (WT-YVD)*RKR*(-RNPD)
7 + YVX(-RKRD)X(-RNPD)
Cc
C
C

C = RNRX(WT-YVD)*RKP =(WT~YVD)*(RIZ-RNRD)*RKPHI+YV*(RIZ-RNRD)*RKP
+RNR*¥YV* (RIX-RKPD)+RNVD*¥(-RKRD)*YPHI-RNVD*RKR*XYP +RNV*(-RKRD)
X*YP -RNVXRKR*YPD -YRD*RKVD*RNPHI -YRD*RKV*RNP +(WT-YR)*PRKVDXRNP
= (WT-YR)*RKV*(-RNPD) + RNVD*YRDX*RKPHI - RNVD*(WT-YR)*RKP+
RNVX¥YRD*RKP + RNVX(WT-YR)X(RIX-RKPD) — RKVDX(RIZ-RNRD)XYPHI+
RKVD*¥RNR*YP = (RIZ-RNRD)XRKV*YP +RKV¥RNR*YPD +(WT~YVD)X*(-RKRD)
X*RNPHI -(WT-YVD)*XRKR*RNP - YVX(-RKRD)XRNP - RKRXYVX(-RNPD)

RN EWN -
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HORLIN.FORT (cont.)

(2]¢]

= RNR¥(UT-YVD)*RKPHI + YVX(RIZ-RNRD)XRKPHI - RNRXYVXRKP
1 ~RNVDXRKR¥YPHI + RNV*(-RKRD)*YPHI - RNV¥*RKR*YP - YRD*RKVXRNPHI
2 +(WT-YR)¥RKVD¥RNPHI + (WT-YR)*RKVXRNP -~RNVDX(WT-YR)*RKPHI+
3 RNV*YRD¥RKPHI —-RNV*(WT-YR)XRKP +RKVD*RNRXYPHI :
4 ~ (RIZ-RNRD)*RKV*YPHI + RKVXRNR¥YP - (WT-YVD)*RKR*RNPHI -
5 YVX(-RKRD)*RNPHI + RKRXYVXRNP

= —RNR*YVXRKPHI - RNVXRKR¥XYPHI + (WT-YR)*XRKV*RNPHI
~BNV¥(WT-YR)*RKPHI + RKV¥RNR¥YPHI + RKR¥YV*NPHI

F(J)22,22,21

A = AXXLUS
= B*XLUY
= C*XLU3
= D*XLU2
= E¥XLU

21

22 WRIT
50 FORM

~

'COEFFS. OF CHARACTERISTIC EQUATION',/)

51 FORNM

X
I3 -

',14X,'C', 14X,'D', 14X, 'E")]
E
E

KOO Wy O
v e -

- v =

100

g}
o

HAEPFPOEWN-—-Q X
(4}

QEEEEEZ

[ O G . ]

HEt A~~~
Yt NS Nt et et

p2p ¢
o]
H

200

]
o)
oo

EE

o

HH

-3
XXM I b1

205 FOR

P EaVat s PoWol  Fo¥aSo
HowuiHooiHovg B 0

201 FOR

Qaaa

ABETA = YDRX(RIZ-RNRD)X*(RIX~RKPD) - RNDR*(-RKRD)*YPD
1 - RKDRX*YRD*(-RNPD) + RNDR*YRD*(RIX-RKPD)
2 + RKDRX*(RIZ-RNRD)*YPD -YDRX{(-RKRD)*(-RNPD)

aqaa

BBETA = —-YDRX(RIZ-RNRD)*RKP -~ YDR*RNR*(RIX-RKPD)
-RNDRX*(-~RKRD)*YP + RNDR*RKR*YPD + RKDR*YRD*RNP

+ RKDR*{WT-YR)X*(—-RNPD) -RNDR*YRDX*RKP

= (WT-YR)*RNDRX(RIX-RKPD) + RKDR*X(RIZ-RNRD)X*YP

= RKDR*RNR*YPD + YNRX(-RKRD)*RNP + YDRXRKRX*(~-RNPD)

EWN

aaqan
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HORLIN.FORT {cont.)

CBETR = ~YDRX¥X(RIZ-RNRD)*RKPHI + YDR¥RNR*RKP

1 —-RNDRX*(~-RKRDJ}*XYPHI +RNDR¥RKR¥YP + RKDRXYRDXRNPHI

2 -RKDRX(WT-YR)XRNP - RNDRXYRDX¥RKPHI + (WT-YR)*RNDRX*RKP

3 +RKDR¥(RIZ-RNRDJ)*YPHI - RNRXRKDR*YP + YDR*(-RKRD)X*RNPHI

4 ~YDRXRKR*RNP

€c23456789

c

c
DBETA = YDR¥RNRXRKPHI + RNDRXRKRXYPHI - RKDR¥(WT-YR)XRNPHI
1 + (WT-YR)*RNDR¥RKPHI -RNR*XRKDR*YPHI - YDR¥RKR¥XRNPHI
IFr(Jg)32,32,31

31 ABETA = ABETAXXLUUXU
BBETAR = BBETA*XLU3XU
CBETA = CBETAX*XLU2XU
DBETA = DBETAXXLU*U

32 WRITE(S5,52)

WRITE(6,52)

52 FORMAT(1X, '"SIDESLIP POLYNOMIAL COEFFS.',/)
WRITE(5,53)

WRITE(6,53)

53 FORMAT(7X, 'ABETA',9X, 'BBETA',8X,'CBETA',8X, 'DBETA"')
WRITE(S5, 100)ABETA,BBETA,CBETA,DBETA
WRITE(6,100)ABETA,BBETA,CBETA,DBETA
NDEG = 3
A2(1) = ABETA
A2(2) = BBETA
A2(3) = CBETA
A2(4) = DBETA
CALL ZPOLR(A2,NDEG,Z22,IER)

WRITE(5,54)
WRITE(6,54)
54 FORMAT(1X, '"ROOTS"'}
WRITE(S5,205)
WRITE(6,205)
WRITE(5,201)Z2
WRITE(6,201)Z2
c
c
c
APHI = RKDR¥(WT-YVD)X(RIZ-RNRD) - YDR¥RNVD*(-RKRD)
1 + RNDR¥RKVDXYRD - RKDR*RNVD*YRD + YDR*RKVD*(RIZ-RNRD)
c 2 -RNDR*(WT-YVDJ)X*(-RKRD)
c
c
BPHI = -RKDR*(WT-YVD)*RNR - RKDRX*YVX(RIZ-RNRD)
1 + YDRXRNVDX*RKR - YDR*RNVX¥(-RKRD) - RNDR*RKVDX*X(WT-YR)
2 + RNDRXRKVX*YRD + RKDR*RNVDX(WT-YR) — RKDR¥RNVXYRD
3 - YDR*¥RKVDXRNR + YDR*¥RKV¥(RIZ-RNRD) + RNDRX(WT-YVD)*XRKR
c 4 + RNDRX*XYV*(-RKRD)
C
c
CPHI= RKDRXYVXRNR + YDR¥*RNVXRKR = RNDRX¥XRKV¥(WT-YR)
1 + RKDR*¥RNVX(WT-YR) - YDR¥RKVXRNR -RNDR*YV*RKR
IF(JI42,42,41
41 APHI = APHIX*XLU3

BPHI = BPHI*XLU2
CPHI =CPHIX*XLU
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202

61
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HORLIN.FORT (cont.)

)
ROLL POLYNOMIAL COEFFS.',/)

I',11X,"BPHI', 11X, "'CPHI")
I,BPHI,CPHI
I,BPHI,CPHI

OO~
—

> 3
‘oo
o oa ofe o}

[}
o~

3,NDEG,Z3,IER)

[alataYa¥ -Fo ol .
ooty N 00
OOO0OoOXOoOo™

- —a (N

A
)
)
;ROOTS')
)
)
)

=

o

H

7
[Rlgivighedolc]

APSI = RNDR*(WT-YVD)*(RIX-RKPD) + RKDRXRNVD*YPD
1 - YDR*XRKVD*(-RNPD) + YDR¥RNVDX(RIX-RKPD)
2 - RNDR*RKVD*YPD - RKDR*(WT-YVD)X(-RNPD)

BPST = —RNDR¥(WT-YVD)*RKP - RNDRXYVX(RIX-RKPD)

1 + RKDR*RNVD¥YP +RKDR¥RNVXYPD +YDR¥RKVD*RNP

2 -~YDR*RKVX(-RNPD) ~ YDR¥RNVDXRKP +YDRXRNVX(RIX-RKPD)
3 -~ RNDR*RKVD*YP - RNDRXRKVXYPD + RKDR*(WT-YVD)XRNP

4 + RKDRXYVX(-RNPD) .

CPSI = -RNDR*X(WT-YVD)XRKPHI + RNDRXYVXRKP +RKDRXRNVDXYPHI

1 + RKDR¥*RNV*YP +YDRX*RKVDXRNPHI +YDR¥RKVXRNP - YDRX*RNVDXRKPHI
2 - YDR*XRNVXRKP - KNDR¥RKVDXYPHI - RNDR¥*RKV*YP

3 + RKDR¥(WT-YVD)*RNPHI - RKDRX*YVXRNP

DPSI = RNDR*YVXRKPHI + RKDRXRNV*YPHI + YDR*XRKV*RNPHI
1 _- YDR*¥RNVXRKPHI - RNDR¥RKVX¥YPHI - RKDR*YV*RNPHI
IF(J)62,62,61

APSI = APSI*XLU3

BPSI = BPSI*XLU2

CPSI = CPSI*XLU

WRITE(S5,60)
WRITE(6,60)

FORMAT(1X,'YAW POLYNOMIAL COEFFS.',/)
WRITE(S,70)
WRITE(6,70)

FORMAT(7X, 'APSI', 11X, 'BPSI', 11X, "CPSI", 11X, 'DPSI')
WRITE(S,100)APSI,BPSI,CPSI,DPSI
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Irl_LO.RLIN .FORT (cont.)
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APPENDIX D

AXIAL FORCE

m[(x - v + wq - xg (q® +.r3) +vg (pg - ) + zg ‘(pr.+ q)] =
+-z9- P [xqq' Q® + X' r’-+'xrp' rp]. |

+—;— L2 [Xﬁ' u + er' vr + #wq' wq ]

+ZL zz[xuu' u® + X, v'i +X w’]

+£?_ £2u? [Xér 6r‘ 6% + x-6s bs' 8s? + x&bhélb' 6b3]

+3 pt? [’ai u? +b, uu, + ¢, uca]

- (W - B) sin 8

+-Zp— a [an-'v" + xww‘r)' w4 xbrbrn' 6r2 o?

2 .2
+ Xgogem O U ]("'1)
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LATERAL FORCE

m[:l-wp+ur—yG(rz+p3)+zG(qr-i))+xG(qp+;')]=

[ . .
+£& S ly-rriav.rptY ' +Y _'pg+¥Y ! ]
2 Y L' p Pt ¥ppy PIPL T 3pq PA* Tgp ar

_E_ i I I 1 t ' ]
+Z 1,4 _va+qu vq+pr wp+er wr

.r : . 1
'{‘% A Yr' ur‘l’Yp' up + Y 'ulrl5r+Y |ll(vz+w2)?.l‘rl]

Iriér vir] (v

L
I i:Y*' u® + Y, uv+ levl' v I(vz. +w3)z|]

_p_zr 1 1 142 ]
+2 y ) LYvw vw+Y6r u® or

+ (W - B) cos 6 sin ¢

p

+= A Y pur(n-1)

£ ,2T : ’ 3 T tns
= 2 LYVT)' uv+levln'vl(’v’z-}wa)zl-}’{arn' 5 uzJ(fn-l)
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NORMAL FORCE

m[w -ug +vp -2, (p? ,+ q?) +XG (rp-3)+ Y(;,'V(rq + P)]
Lot {_zﬁ',§+ Z, p? +2Z ' r® +2, rp]

Y-} . ’
+--‘ L [Z\ir' w+Z tvrd va‘ vp]

p a ' . . S w 2 3';'
+-z- z.[zq uq+zl‘l|55 ulq‘bs+zw‘ql :j(v + w?) l]q]]

» i
. P,z t 'z.' | + 2 'w[(vz +w3)%l]
+"£' 2 [Z* LR A wiw]

2 2 [y slol 2 o8 1]

L2105 3 3 g 2 ]
+2_ L [Zvv'v +Z6s'u bs + Z, ' u b

+ (W - B) cos B cos ¢

P s 1 {he
t5 2 an uq {7-1)

P

. 1 .
+"Z" F [anl'uw + ZW‘Wlﬂ‘ w)(v‘? +Wz)2‘ + Zasnubsuz]‘n-l)
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ROLLING MOMENT

. . . . 2 .
pr-} (Iz - Iy) qr + {r + pq) Ixz +(r° -q )Iyz + (pr - q) Ix

Y

+m[yG(~'\'-uq-i-vp)-zG(;/-wp#nr) ]':
P s . . .
+2 SIK. ' p+K.'F4+K _'qr+K _ 'pg :
7 ALK P AR FAK ar t K tpat K, ele] ]

P e ' 1 .v"]
+2 "[Kp P +K 'ur+K'v

: p af : ' ]
+;- L Lqu' vq + Kwp' wp + Kwr wr

+—§- £2 [K*' u? ;}Kv' uv +KV\V" vl(v? +w3)%\]

-]

+

22 {Kvw'vw + K&I' }12 5r']

™|

+ (yG w - Yg B) cos B cos ¢ - (zGW-— zBB) cos O sin ¢ ]

L

+5 43 Kyp' v° (-1
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PITCHING MOMENT

. - _ . 2‘- 2 —‘
la+ -L)rp-(ptan) I +(p*-77)1 +(ap-7)1,
+m[zG(|.1-vr+wq)-xG(\:r-uq+vp)]=
+. P 45 Tt 1t o2 t o2 ' .
+2 y ) [Mq q + Mpp P +Mrr T +Mrp rp+Mqlq|'q|q|]
P e .
+= 4 [Mv-v'w+Mvr' vr+M, vp]

1
+_2?_ L‘ [Mql uq + Mlq|6s' ulqlds +lelq'[(v3 +w3)3 lq]

: i
+.§. za[M*' u® +Mw' ow + Mw'wl' w |(v? +wa)z|]

+-§ £ [Mw' v+ Mési u® 6s + M, u?- ab]
- (xG.W - xg B) cos 0 cos ¢ - (zG w - zg T) sin 6

LiamM 't uq(n-1)
+z an q(n

’.
p g3 . 2 z 1 g u -1
> [M ' WY My lan wi(vi+ W) | + Mgt b u ](7? )
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YAWING MOMENT

. - " 2 _ .2 -
Iz T -i-(Iy Ix) pq - (q + rp) Iyz+ (q P )Ixy+(rq P) sz
r . , . -
+mLxG(v-wp+ur)-yG(u-vr+wq)J=

£ s[. F4N-'s
+Z L Nr'r+Np'p+Npq'pq+qu'q-r+Nr|r|'rlrl]

£ N, 'vq ]
+2 4 Nv v+Nwr‘ wr +pr‘wp+qu vq

L ‘[ 2 23 ]
+z f) NP' up +Nr' ur +N|r|6r' ulr[ér +N[v|r' l(v + w )‘Ir
+pl°[N'u°+N'uv+N 'vl(v3+w=)%|]

Z *® v v|v|

P ,3 3
+T£ [va' vw +N6r' u 52]

+(xGW-xBB)cosesin¢+(yGW B) sin 0

-YB

X ' -
+Z Nr‘n ur (n-1)

P ,a 1
4= ' ' 242 2
>t [an uv+Nvlvlﬂ vi(v® + w®)2| +Ng o'8 u ](n-l)
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KINEMATIC RELATIONS

U2 =u® +v® + WP

N°*
n

-usin9+vcosGsin¢+wc659cos¢

¢ =p+{ sin b

q-;ﬁcosesin¢
cos ¢

°Q

T+ g 8in ¢
cos B cos¢
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(°T=YI1A)%(9)XIk(TIXI%TUKXE€ETIZY = T1X
((PTINTINISR((TITIXIISODAMM = 01X

CCEINODOAZx % (TIXT#UAX+ (EI XL (ZIXIRkMAR)XZTTIZY = 6
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CINH+TTHH+OTWHI6HHEBWH+ LWH+ONH+GHH+pHH=ERH=ZWNH+ TWH=- = (G)WI

J
. (*T=YIA)x(Txx(TIXIx(ZINODNXASAWH+
WOAQAxAMMWH+ (E) XL (T) XLxAMWH) x€TZH = GIWH
(*T=YIA) % (SIXI*x(T)XI%xAOWHRY1ZE = VIWH
(CTTIXLIINISk(JH%GZ=0DxWA%D7 )+
(COTIXTISNIx((TTINXLISOI(AG#AX=UD«WA%DX) = ETUWH
((ZINODN*Zxx(T) XI«SAWH+Z %% (Z)XIXAAWH) %€TZN = ZIWH
((WNAA) SAYRMMUWH+ ((EIXI)SAYR(T) XLekMUNH)I %€TZH = TIWH
(ANAAXMYMHH+ (EI XTIk (TIXLAMAH+Z Ak (TIXLASWHIXETZH = OTIWH
((SIXIx(EIXI/WNAAXOMWH4
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